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Abstract
The measured properties of the particle detected six years ago at the LHC
at CERN indicate that it is compatible with the Higgs boson predicted
by the Standard Model. However, the theoretical and experimental un-
certainties allow associations with extended models. Therefore it is of
essential importance to investigate the properties of this particle in more
detail. The determination of the Higgs potential is crucial to test whether
this particle causes electroweak symmetry breaking. The self-coupling
strength has to be determined to measure the Higgs potential. This can
be achieved in a first step by measuring the trilinear self-coupling in Higgs
pair production. At the LHC, the dominant process of Higgs pair produc-
tion is the loop induced gluon fusion. Therefore the main goal of this the-
sis is the calculation of the next-to-leading order (NLO) QCD corrections
considering the complete top-quark mass dependence in the framework
of the Standard Model. The relevant two-loop integrals cannot be calcu-
lated analytically with the currently known methods. Instead a numerical
integration is required. The main challenge is the extraction of the ultra-
violet, the infrared and the collinear divergences from the amplitudes. For
this purpose, a modified end-point subtraction has been developed for the
extraction of the IR-singularities. Publicly available programs have been
used for the real corrections. The diﬀerential cross section has been ob-
tained as a distribution in the invariant Higgs pair mass. It shows that the
main contributions to the cross section emerge from the invariant Higgs
pair masses between 300 and 800 GeV and that the heavy-top limit is
a reasonable approximation for invariant Higgs pair masses only up to
about 600 GeV. Further, it can be observed that for an invariant Higgs
pair mass up to 400-600 GeV the NLO QCD corrections can be reasonably
approximated by the K-factor of the triangular contributions alone. The
obtained hadronic cross section implies a negative contribution of about
−15% from NLO mass eﬀects compared to the previous known heavy-top
limit results involving the full leading-order mass dependence.

Zusammenfassung
Die gemessenen Eigenschaften des vor sechs Jahren am CERN detek-
tierten Teilchens weisen darauf hin, dass es sich um das langgesuchte
Higgsboson des Standardmodells handelt. Jedoch lassen die theoretis-
chen wie auch experimentellen Unsicherheiten Zuordnungen zu anderen
erweiterten Modellen zu. Deshalb ist es von ausschlaggebender Bedeu-
tung, die Eigenschaften des detektierten Teilchens genauer zu bestim-
men. Dabei spielt die Messung des Higgspotentials eine zentrale Rolle,
um zu pru¨fen, ob dieses Teilchen eﬀektiv fu¨r die elektroschwache Symme-
triebrechung verantwortlich ist. Um das Higgspotential zu messen, muss
die Selbstwechselwirkungssta¨rke zwischen Higgsbosonen direkt bestimmt
werden. Dies ist u¨ber Higgspaarproduktion zur Bestimmung der trilin-
eare Kopplung mo¨glich. Der dominante Prozess der Higgspaarproduktion
ist die loop-induzierte Gluonfusion. Ziel dieser Arbeit ist die Berechnung
der NLO QCD-Korrekturen unter Beru¨cksichtigung der vollen Topquark-
massenabha¨ngigkeit im Rahmen des Standardmodells. Die relevanten
Zwei-Loop-Integrale ko¨nnen analytisch nicht mit gegenwa¨rtig bekannten
Methoden berechnet werden. Stattdessen ist eine numerische Integration
no¨tig. Die gro¨sste Herausforderung ist die Extraktion der ultraviolet-
ten, der infraroten wie auch der kollinearen Divergenzen der Amplitu-
den. Dazu wurde die bekannte Endpunktsubtraktionsmethode erweitert.
Fu¨r die reellen Korrekturen wurden die Programme FeynArts und Form-
Calc verwendet. Der diﬀerentielle Wirkungsquerschnitt wurde als Funk-
tion der invarianten Higgspaarmasse bestimmt. Daraus wird ersichtlich,
dass die gro¨ssten Beitra¨ge zum Wirkungsquerschnitt von dem invarianten
Higgspaarmassenbereich zwischen 300 und 800 GeV kommen, und dass
der Heavy-Top-Limit bis ungefa¨hr 600 GeV eine gute Na¨herung ist. Fu¨r
eine invariante Higgspaarmasse bis 400-600 GeV ko¨nnen die NLO QCD-
Korrekturen durch den K-Faktor der Dreiecksbeitra¨ge angena¨hert werden.
Der berechnete totale hadronische Wirkungsquerschnitt impliziert NLO
Masseneﬀekte von −15% verglichen zu den bekannten Heavy-Top-Limit
Resultaten, welche die volle Massenabha¨ngigkeit in fu¨hrender Ordnung
beru¨cksichtigen.
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Chapter 1
Introduction
1.1 Standard Model
The Standard Model (SM) of particle physics is a successful and elegant model to
describe particle physics processes in nature. The SM provides a set of elementary
particles and characterizes their properties and interactions in the framework of a
spontaneously broken gauge theory. Its development is based on experimental data
gathered in collider and low-energy experiments. The SM is a quantum field theory
which is symmetric under the non-abelian SU(3)C ⊗ SU(2)L ⊗ U(1)Y gauge group.
The first one is the symmetry group of the strong interaction between quarks and
gluons described by quantum chromodynamics (QCD) [1–9]. The SU(2)L ⊗ U(1)Y
symmetry describes the unified electromagnetic and weak interactions [10–12].
Leptons and quarks build together the fundamental constituents of matter charac-
terized by their quantum numbers. For every lepton and quark there is an antiparticle
with the same mass but opposite inner quantum numbers. Leptons and quarks appear
in three generations with left-handed isospin doublets and right-handed singlets.(
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The Lagrange density of the SM, LSM , can be split into the kinetic part of the gauge
bosons, LV , the kinetic properties of the fermions and their couplings to the gauge
bosons, Lf , the Higgs sector, LH , and the Yukawa interaction of the Higgs boson
with the fermions, LY ,
LSM = LV + Lf + LH + LY . (1.2)
3
Every generator of the symmetry group results in a gauge field. Hence we have 8
gluon fields Gaµ (a=1,...,8) for the strong interaction and 4 fields W
a
µ (a=1,...3) and
Bµ for the electroweak interaction. The kinetic part of the gauge fields can then be
written as
LV = −1
2
Tr
∑
V=G,W,B
1
igV
[
DVµ ,D
V
ν
]2
(1.3)
with the covariant derivatives DVµ = ∂µ + igV Vµ and the gauge fields Vµ = T
aV aµ . T
a
are the generators of the associated symmetry group and gV the coupling strength
of the corresponding gauge field. The physical particles Z0 and the photon A are
obtained by a rotation of the neutral component W 3- and B-fields by the Weinberg
angle θw, (
A
Z
)
=
(
cos θw sin θw
− sin θw cos θw
)(
B
W 3
)
. (1.4)
The charged W bosons are a superposition of the first two W fields
W± =
1√
2
(
W 1 ∓ iW 2) . (1.5)
The kinetic part of the Lagrangian for the fermions f can be expressed as
Lf =
∑
f
f¯iγ
µDµf (1.6)
with the covariant derivative Dµ = ∂µ + i
∑
V gV Vµ.
The Higgs sector of the SM is necessary to introduce massive particles. Gauge
symmetry demands massless gauge fields to preserve gauge invariance in general.
However, experiments provide ample evidence for massive gauge fields. Therefore,
a mechanism is needed introducing masses to certain particles, but still preserving
unitarity and the renormalizability of the theory. This can be achieved by the Higgs
mechanism which is based on spontaneous symmetry breaking [13–18]. It introduces
a Higgs doublet φ which acquires the following form in the unitary gauge
φ =
(
φ+
φ0
)
→ 1√
2
(
0
v +H
)
(1.7)
where v = 1/
√√
2GF is its vacuum expectation value. It can be determined experi-
mentally to high precision from muon decay using Fermi theory in terms of the Fermi
constant GF . Thereby the three remaining degrees of freedom are absorbed in the
longitudinal polarization states of the massive vector bosons. Only one scalar Higgs
4
boson H is left over as a physical particle. The vacuum expectation value causes a
shift of the ground state from the symmetric origin. The model is still locally invariant
under SU(2)I×U(1)Y gauge transformations. Hence, renormalizability is maintained
[19, 20]. The non-trivial ground state of the Higgs field is established with a finite
Higgs field strength such that all particles interacting with the Higgs field acquire a
mass term. This implies in addition that the Higgs couplings to the SM particles
grow proportionally to their masses. In this way, the electroweak symmetry is hidden
and thus not visible in the spectrum of states and the observables with the exception
of the electromagnetic U(1)em and SU(3)c. Therefore the photon, respectively the
gluon, remains massless. The Higgs sector of the Lagrangian reads
LH = |Dµφ|2 − λ
2
(
|φ|2 − v
2
2
)2
. (1.8)
Finally, the Yukawa part of the Lagrangian can be expressed as
LY =
∑
f
gf f¯L(φ+ φc)fR + h.c. , (1.9)
where φc is the charge conjugated Higgs field. φc gives rise to fermion masses with
isospin +1/2 while φ induces fermion masses with isospin −1/2. The neutrinos have
a vanishing coupling strength and are therefore massless in the original version of the
SM1.
The last missing particle predicted by the SM, the Higgs boson, was detected
at the LHC in 2012 at CERN [21, 22]. Figure 1.1 shows the branching ratios for
the individual decay modes in the Higgs boson mass range of 120 to 130 GeV. The
branching ratios have been produced with PROPHECY4f for the decays H →
WW/ZZ [23–25] and HDECAY for all the other decay channels [26–29]. The latter
is a program calculating the branching ratios and decay widths of the Higgs boson
in the SM and MSSM for the allowed decays. It considers all the relevant higher-
order QCD corrections for the decays of a Higgs boson into quark pairs or gluons.
PROPHECY4f is a Monte Carlo generator for H → WW/ZZ → 4f . It considers
the decays into intermediate WW and ZZ states and their interferences for the same
final states. The leading-order (LO) and next-to-leading order (NLO) partial width
for any 4-fermion final state are included. The total uncertainties are represented by
the size of the bands in Figure 1.1. The uncertainties in the branching ratios of the
individual Higgs boson decay channels originate from missing higher-order corrections
1Neutrino masses as required by the observation of neutrino oscillations require extensions of the
original SM framework. However, they do not play a role at high-energy colliders.
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Figure 1.1: Higgs boson branching ratios with uncertainty bands representing the
theoretical and parametric uncertainties [30].
and parametric uncertainties. The main uncertainties from the latter come from the
strong coupling constant αs and the top, bottom and charm quark masses. For αs
its value at the Z boson mass scale has been chosen, αs(MZ) = 0.118± 0.0015. The
MS masses have been introduced for the two lighter quarks as [30]
mb(mb) = (4.18± 0.03)GeV,
mc(3GeV) = (0.986± 0.026)GeV,
while the pole mass of the top quark has been chosen as [30]
mt = (172.5± 1)GeV.
The resulting parametric uncertainties have been determined by the quadratic sum
of the individual contributions of the input parameters to a certain decay mode.
The theoretical uncertainties have been estimated by the missing QCD and elec-
troweak higher-order contributions considered by HDECAY and PROPHECY4f.
For the decays H → bb¯, cc¯ the QCD corrections are implemented up to N4LO in
HDECAY with a remaining scale dependence of 0.2% [31–41]. The electroweak
corrections are implemented up to NLO [42–45]. For H → τ+τ− the electroweak cor-
rections are as well included up to NLO. In HDECAY, the complete massive NLO
QCD corrections [46–48] are implemented and interpolated to the large Higgs mass
results at N4LO. The electroweak corrections due to the self-interaction of the Higgs
boson beyond NLO are included [49–52]. The missing electroweak contributions are
6
Partial width QCD Electroweak Total on-shell Higgs
H → bb¯/cc¯ ∼ 0.2% ∼ 0.5% ∼ 0.5% N4LO/NLO
H → τ+τ−/µ+µ− – ∼ 0.5% ∼ 0.5% −− /NLO
H → gg ∼ 3% ∼ 1% ∼ 3% N3LO/NLO
H → γγ < 1% < 1% ∼ 1% NLO/NLO
H → Zγ < 1% ∼ 5% ∼ 5% LO/LO
H → WW/ZZ → 4f < 0.5% ∼ 0.5% ∼ 0.5% NLO/NLO
Table 1.1: Theoretical uncertainties originating from the missing higher-order cor-
rections and the order of the radiative QCD/ electroweak corrections included in the
partial decay modes.
estimated to be about 0.5% [30]. Further, in HDECAY the QCD corrections for
H → gg are implemented up to N3LO in the heavy-top limit (HTL) [53–56] and the
scale dependence leads to an uncertainty of 3%. For this process the electroweak
corrections are known up to NLO [57–63]. For the decay of a Higgs boson to two
photons the electroweak contributions are calculated up to the two-loop level [63–65].
They yield a decrease of about 2% in the partical photonic decay width. The two-loop
QCD corrections are known considering the full quark mass. In the heavy-top limit
the three-loop QCD corrections are known. They lead to an additional contribution
at the per mille level [66–78]. For H → Zγ the LO partial decay width is consid-
ered by HDECAY. The QCD corrections for this process are small and therefore
neglected [79–81]. Finally, for H → WW/ZZ → 4f the complete NLO QCD and
electroweak corrections, considering all interference terms and leading two-loop heavy
Higgs corrections, are included using PROPHECY4f. A detailed summary can be
found in Table 1.1. These uncertainties and the ones of the input parameters are
added linearly.
Figure 1.2 shows the LO Feynman diagrams for the four diﬀerent production chan-
nels for a single Higgs boson at hadron colliders. The dominant production channel
at the LHC for a single Higgs boson is gluon fusion as can be seen in Figure 1.3.
For this channel the full QCD corrections are known up to NLO [54, 55, 82, 83].
Higher-order contributions are approximated by the heavy-top-quark limit [84–98].
The next relevant production channel is vector boson fusion for which the full QCD
and electroweak corrections are known up to NLO [99–104]. The electroweak correc-
tions have been calculated using the Monte Carlo program HAWK [105]. The QCD
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Figure 1.2: The four diﬀerent production channels for a single Higgs boson at hadron
colliders.
NNLO and N3LO corrections are known in the structure function approach [106–109].
At NLO it has been found that the eﬀects beyond the structure function approach
are smaller than 1% and therefore this is a reliable approximation. Further, there
is the Higgs-strahlung and the Higgs bremsstrahlung oﬀ top quarks. For the for-
mer, the QCD corrections are calculated up to NNLO [110–113] and the electroweak
corrections at NLO level using the program HAWK [105, 114, 115]. For the latter,
both the QCD [116–120] and the electroweak corrections [121, 122] are known up to
NLO. In addition, the NNLO corrections are approximated by a soft gluon resumma-
tion [123–125]. The Higgs boson production cross sections have been calculated using
all the known higher-order corrections and the latest parton density functions, i.e.
PDF4LHC15 [126]. Figure 1.3 shows the obtained cross sections for the individual
channels for a Higgs mass of 125 GeV in a center of mass energy range of 6 to 15 TeV.
The size of the error bands include the theoretical and parametric uncertainties. The
same values as in the case for the branching ratio were used for the input parameters.
For all production channels for which the results are known beyond NLO in QCD the
uncertainties are at the few-per-cent level. The remaining uncertainty for gluon fusion
is about 5%, the uncertainty for vector boson fusion is about 3% and for WH/ZH
Higgsstrahlung about 4%. The uncertainties for tt¯H production are about 10− 15%,
for bb¯H production about 20− 25% and for s− and t−channel tH production about
15− 20%.
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1.2 Motivation
The measured properties of the detected Higgs boson indicate that it is consistent
with the SM Higgs boson. For instance, the mass of (125.09 ± 0.24) GeV, zero spin
and the positive CP quantum numbers are confirmed properties [21, 22, 127–131].
Further, its coupling strengths to other particles follow the SM prediction within the
uncertainties. This can be inferred from Figure 1.4 where the coupling strengths of
the Higgs boson to the heavy fermions and the vector bosons are illustrated. The
theoretical uncertainties resulting from the missing higher-order corrections and the
experimental uncertainties are represented by the size of the bands. Despite all those
indications, to clarify whether it is indeed the SM Higgs boson the trilinear and
quartic self-couplings have to be measured, since the shape of the Higgs potential
can be reconstructed from this measurement. At the current performance state of
the LHC, it will not be possible to measure the trilinear Higgs self-coupling. Such
possibility will, however, be enabled at the future high luminosity LHC or other future
colliders [132–152]. The quartic Higgs self-coupling will not be accessible due to its
very small related cross sections [153–158]. A first step for a direct measurement of
the trilinear coupling is provided by Higgs pair production. There are four diﬀerent
production channels for Higgs pair production (see Figure 1.5): gluon fusion [160–
163], vector-boson fusion [138, 162, 164–168], double Higgs bremsstrahlung oﬀ top-
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quarks [138, 169, 170] and double Higgs-strahlung [138, 162, 171]. Gluon fusion is the
dominant production channel by more than an order of magnitude (see Figure 1.6).
The production cross section of Higgs boson pairs is about three orders of magnitude
smaller than the single Higgs production cross section. The four production modes
contain diagrams involving the trilinear Higgs self-coupling. The other remaining
diagrams generate an irreducible background for the observation of the trilinear Higgs
coupling. As can be inferred from Figure 1.6, for the gluon fusion process the relative
uncertainty in the trilinear coupling is proportional to the relative uncertainty of
cross section since the negative slope of the relative variations of the cross section as
a function of the trilinear coupling λ in units of the SM coupling is about the same
∆σ
σ
∼ −∆λ
λ
. (1.10)
A reduction of the uncertainty in the cross section results therefore in a better ac-
curacy of the extracted trilinear coupling. This underlines the importance of higher-
order corrections to reduce the uncertainty in the cross section. The Higgs boson
self-coupling λ is defined by the Higgs potential V ,
V (φ) =
λ
2
{
|φ|2 − v
2
2
}2
. (1.11)
An expansion around the vacuum expectation value establishes a quadratic depen-
dence of the trilinear Higgs self-coupling, respectively quartic Higgs self-coupling, on
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Figure 1.5: The four diﬀerent production channels for Higgs boson pairs at hadron
colliders.
the Higgs mass,
λ =
m2h
v2
, λh3 = 3
m2h
v
, λh4 = 3
m2h
v2
. (1.12)
The SM Higgs boson decays mainly to b-quark pairs (Figure 1.1). However, the
bb¯bb¯ channel in Higgs pair production is plagued by huge backgrounds making rare
decays more feasible. For instance the decay into a b-quark pair and two photons or
a b-quark pair and two τ leptons are studied. Currently, the CMS detector provides
the most accurate results for Higgs pair production in the HH → bbγγ channel with
bounds of −8λSMh3 < λSMh3 < 15λSMh3 for the trilinear coupling [172]. An ATLAS
study predicts to narrow down the exclusion values for the HH → bbγγ channel
with an integrated luminosity of 3000 fb−1 to −0.8λSMh3 < λh3 < 7.7λSMh3 as can be
reached at the HL-LHC [173]. These results are based on the assumption among
others that beyond Standard Model eﬀects originate only from modifications of the
trilinear self-coupling. These result require an accurate knowledge of the production
cross sections so that the full NLO eﬀects are indispensable. An alternative approach
to the direct search for Higgs pairs are the indirect eﬀects using the dependence of
single Higgs boson processes on λh3 via loop eﬀects. Since the single Higgs cross
section is larger than the one of Higgs boson pair production, the methods can be
used for the data gathered at recent and current colliders. It is, however, a model
dependent approach. This method was first used in a study at an e+e− collider for
ZH production where the λh3 dependence arises at NLO level [175]. More recently,
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the method has been applied to Higgs boson production and decay via gluon fusion
and vector boson fusion at the LHC [176–178]. Furthermore, the method has been
extended to precision observables such as the W boson mass and the eﬀective sine of
the Weinberg angle which are at two-loop level λh3-dependent. The exclusions limits
obtained from those observations are comparable to the current ones from direct
searches for Higgs pair production [179, 180].
1.3 Previous Work
In 1998 the virtual and real NLO QCD corrections to Higgs pair production via gluon
fusion were calculated in the large top mass limit leading to an increase of the cross
section by about a factor 2 [181]. Later the calculation was improved by adding a
large top mass expansion of the inclusive cross section. Additional 10% NLO mass
eﬀects were obtained [182]. However, depending on the definition of the large top
mass expansion on top of the massive LO expression, it was not clear whether it
leads to an increase or decrease of 10% in the cross section [183]. The calculation
of the full NLO mass eﬀects for the real corrections yielded a correction of −10%
[151, 170]. In parallel to our work, there was another group calculating the NLO
QCD corrections including the full top mass dependence as well. They obtained a
decrease in the total cross section of 14% for a center of mass energy of 13 TeV
[184, 185]. Further, the NNLO QCD corrections in the heavy-top limit were added to
the NLO results [183, 186, 187] and the NNLL soft and collinear gluon resummation
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was computed [188]. For the vector-boson fusion the NLO [138, 170] and NNLO [189]
QCD corrections are calculated. They amount to about 10% at the NLO and less than
a per-cent at NNLO. For double Higgs-strahlung they are known at NLO [170] and
NNLO [138] while for double Higgs bremsstrahlung oﬀ top-quarks they are calculated
up to the NLO level [170].
1.4 Topic of this Thesis
The aim of this thesis is the calculation of the full NLO QCD corrections to Higgs
pair production via gluon fusion including all mass eﬀects in the context of the SM.
Since gluon fusion is a loop-induced process at LO, the calculation of the virtual
NLO corrections constitutes a two-loop calculation of a two-to-two process contain-
ing massive and massless particles in the loops. This leads to ultraviolet (UV) and
infrared (IR) divergent NLO amplitudes. At the present time, there is no systematic
method of how to perform such a calculation analytically. Our approach is based on
a former unpublished numerical method used in the calculation of the single Higgs
NLO corrections [55, 82].
Chapter 2 starts with a basic introduction about the calculation of the cross
section. This is followed by a section about the leading-order calculation (Section 2.1)
and Section 2.2 about the virtual corrections. The latter is split into of the calculation
of the box diagrams, the one-particle-reducible diagrams, the triangular diagrams, the
renormalization, the finite virtual corrections and their numerical evaluation. Further,
Section 2.3 explains the real corrections consisting of the recalculation of the heavy-
top limit results and the massive calculation. In Chapter 3 the results are discussed
including the diﬀerential cross section and the total hadronic cross section.
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Chapter 2
Higgs pair production
High energy collisions of hadrons can be characterized by the constituents of the
hadronic bound states, the partons. The QCD factorization theorem [190] predicts the
division of processes into short-distance and long-distance parts in infinite momentum
frames. The first one contains the hard parton scattering described by perturbation
theory. It is independent of the external hadrons. The long-distance part is described
by parton distribution functions (PDF). These are independent of the hard-scattering
process and contain the properties of the external hadrons. The PDFs can be obtained
for instance from fits to experimental data of deep inelastic scattering experiments.
Both parts are brought together by the factorization scale µF describing the scale
down to which the perturbative description holds. Therefore the LO hadronic cross
section of two protons scattering to a Higgs pair via two gluons can be written as
σ(pp→ gg → hh) =
∫ 1
0
dx1dx2fg(x1, µF )fg(x2, µF )σˆ (g(p1)g(p2)→ hh) (2.1)
where σˆ is the perturbative partonic cross section and fg(xi, µF ) the non-perturbative
parton distribution functions depending on the gluon momentum fraction xi of the
proton. The latter can be interpreted as the probability density to find a gluon with
momentum fraction xi in the proton. The NLO cross section σNLO can be split into the
LO cross section σLO, the virtual corrections ∆σvirt and the real corrections ∆σreal.
Since the LO cross-section is already a loop-induced process the virtual corrections
are two-loop contributions and the real corrections are one-loop contributions. The
virtual corrections consist of triangular and box loops mediated by top and bottom
quarks. We denote processes with two incoming and one outgoing particle from the
quark loop as triangular diagrams and processes with two incoming and two outgoing
particles as box diagrams (see Figure 2.1). The real corrections are distinguished
by their initial states. There can be either two gluons, a gluon and a (anti-)quark
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Figure 2.1: Example Feynman diagrams for a box (left) and a triangular (right)
contribution.
or a quark and an antiquark in the initial state. The individual corrections can be
expressed in the following compact form [181]:
σNLO (pp→ HH +X) = σLO +∆σvirt +∆σgg +∆σgq +∆σqq¯, (2.2)
with
σLO =
∫ 1
τ0
dτ
dLgg
dτ
σˆLO
(
Q2 = τs
)
,
∆σvirt =
αs(µ)
π
∫ 1
τ0
dτ
dLgg
dτ
σˆLO
(
Q2 = τs
)
C,
∆σgg =
αs(µ)
π
∫ 1
τ0
dτ
dLgg
dτ
∫ 1
τ0
τ
dz
z
σˆLO
(
Q2 = zτs
){− zPgg(z)logµ2F
τs
+ dgg(z) + 6[1 + z
4 + (1− z)4]
(
log(1− z)
1− z
)
+
}
,
∆σgq =
αs(µ)
π
∫ 1
τ0
dτ
∑
q,q¯
dLgq
dτ
∫ 1
τ0
τ
dz
z
σˆLO
(
Q2 = zτs
)
{
− z
2
Pgq(z)log
µ2F
τs(1− z)2 + dgq(z)
}
,
∆σqq¯ =
αs(µ)
π
∫ 1
τ0
dτ
∑
q,q¯
dLqq¯
dτ
∫ 1
τ0
τ
dz
z
σˆLO
(
Q2 = zτs
)
dqq¯(z), (2.3)
where µF is the factorization scale, τ0 = 4m2h/S, S the hadronic center of mass energy
squared and Q2 is the invariant Higgs pair mass,
Q2 = m2hh. (2.4)
LO mass eﬀects are included in the LO partonic cross section σˆLO. The quark masses
aﬀect only the C and the dij functions at NLO. In the heavy-top limit they approach
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the following concise expressions
C → π2 + 11
2
+
33− 2NF
6
log
(
µ2R
Q2
)
+ C∆∆,
dgg → −11
2
(1− z)3,
dgq → 2
3
z2 − (1− z)2,
dqq¯ → 32
27
(1− z)3.
C△△ are the NLO mass eﬀects from the one-particle reducible diagrams (Figure 2.2)
C△△ = Re
∫ tˆ+
tˆ−
dtˆ
{
4
9(C△F△ + F!)− 49 p
2
T
2tˆuˆ
(Q2 −m21 −m22)2G!
}
∫ tˆ+
tˆ−
dtˆ{|C△F△ + F!|2 + |G!|2}
(2.5)
with
C△ =
3m2h
Q2 −m2h
,
tˆ = −1
2
[
Q2 −m21 −m22 −
√
λ(Q2,m21,m
2
2)cosθ
]
,
uˆ = −1
2
[
Q2 −m21 −m22 +
√
λ(Q2,m21,m
2
2)cosθ
]
,
and the integration limit
tˆ± = −1
2
[
Q2 −m21 −m22 ∓
√
λ(Q2,m21,m
2
2)
]
,
F△,! the corresponding spin-0 form factors and G! the corresponding spin-2 form
factor. Further m1 and m2 are the masses of the two Higgs bosons. The Mandelstam
variables are defined as
s = (q1 + q2)
2 = (p1 + p2)
2,
t = (p1 − q1)2 = (p2 − q2)2,
u = (p1 − q2)2 = (p2 − q1)2, (2.6)
where qi are the momenta of the gluons and pi the momenta of the two Higgs bosons.
Further we use the modified Mandelstam variables
t1 = t− p21 = −2p1q1,
u1 = u− p21 = −2p1q2, (2.7)
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Figure 2.2: Feynman diagram for the one-particle-reducible contribution.
and the ratios
ρs =
s
m2t
, ρt =
t1
m2t
, ρu =
u1
m2t
, ρh =
m2h
m2t
. (2.8)
The perturbative description of QCD leads to divergences in higher order calcu-
lations. One distinguishes between divergences caused through large momenta in the
loop, ultra-violet divergences (UV), and infrared divergences (IR) if the momentum
of a real or virtual particle becomes small, or collinear divergencies (COLL) through
the radiation of a massless particle by a massless particle. These divergences have
to be separated from the finite parts and cancelled to be able to perform higher or-
der calculations. For the IR divergences this can be achieved by using conventional
dimensional regularization [19]. This is a gauge and Lorentz invariant regularization
scheme. A dimensional regulator ϵ is introduced to reduce the space-time dimension
by a small amount D = 4 − 2ϵ. An arbitrary scale µ is introduced to preserve the
dimension of the amplitude.
The following part of this chapter is about the methods used to derive the ampli-
tudes of the individual contributions to the NLO cross section and the extraction of
the divergences of those. In the first section the LO cross section is derived followed
by a section about the calculation of the finite part of the virtual corrections. This is
complemented by a last section about the real correction.
2.1 Leading-Order Cross Section
The total leading-order cross section σLO in the perturbative expansion of the strong
coupling is obtained by the integration over the partonic LO cross section and the
18
gg
t
H
H
(a)
g
g
t
H
H
(b)
g
g
t
H
H
(c)
Figure 2.3: LO Feynman diagrams for the three possible topologies of gluon fusion.
PDF functions (see Equation (2.1)),
σLO(pp→ gg → hh) =
∫ 1
τ0
dτ
dLgg
dτ
σˆLO(s = τS) (2.9)
where S is the hadronic energy squared and τ0 =
4m2h
S . The PDF functions have been
included in the gluon luminosity Lgg,
dLgg
dτ
=
∫ 1
τ
dx
x
fg(x, µF )fg(τ/x, µF ). (2.10)
The LO partonic cross section can be calculated from the LO matrix element by
integration over the two-particle phase space dΦ2,
σˆLO(s) =
1
2
1
2s
∫
dΦ2|MLO|2 (2.11)
where s denotes the squared partonic center of mass energy. The factor 1/2 originates
from the symmetry of the identical final state particles. The LO matrix element can
be expressed using the gluon polarisation vectors ϵµ and ϵν as
MLO = 2i(2πµ)
4−D
16π2
∫
dDk
iπ2
[Mµν△ +Mµν! ] ϵµ(q1)ϵν(q2) (2.12)
where M△ is the amplitude of the triangle diagrams (Figure 2.3(a)) and M! the
amplitude of the box diagrams (Figures 2.3 (b) and (c)). The former can be obtained
from the known single Higgs results by adding the triple Higgs vertex on the matrix
element level. For the box diagram contributions two diﬀerent generic diagrams have
to be calculated. This calculation is performed in dimensional regularization with
D = 4−2ϵ. The matrix element can be divided into two process-independent Lorentz
tensors T µνi (i = 1, 2) with two form factors that are Lorentz and gauge invariant.
In general, the relation between the matrix element and T µν can be expressed as
M = T µνϵµ(q1)ϵν(q2) with T µν = f00gµν +
∑3
i,j=1 fijq
µ
i q
ν
j . The Ward identities and
the on-shell properties for the gluons constrain the coeﬃcients fij,
qµ1Tµν = q
ν
2Tµν = 0 . (2.13)
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In the following, the form factor basis is chosen such that the Lorentz tensors are
orthogonal in four dimensions,
T µν1 = g
µν − q
ν
1q
µ
2
q1 · q2 ,
T µν2 = g
µν +
(p1 · p1)(qν1qµ2 )
p2T (q1 · q2)
− 2(q2 · p1)(q
ν
1p
µ
1 )
p2T (q1 · q2)
− 2(q1 · p1)(q
µ
2 p
ν
1)
p2T (q1 · q2)
+
2(pµ1p
ν
1)
p2T
, (2.14)
with the transverse momentum squared p2T given by
p2T = 2
(q2 · p1)(q1 · p1)
q1 · q2 − p1 · p1 . (2.15)
In D dimensions, however, the orthogonality requirement does not hold anymore.
T µν1 · T1,µν = T µν2 · T2,µν = (D − 2),
T µν1 · T2,µν = (D − 4). (2.16)
This means that the projectors onto form factors need to be adjusted. For this
purpose, the property P µνi Tj,µν = δi,j with i, j ∈ 1, 2 has to hold. Choosing P µνi =∑
j aijT
µν
j leads to
P µν1 =
(D − 2)T µν1 − (D − 4)T µν2
4(D − 3) ,
P µν2 =
(D − 2)T µν2 − (D − 4)T µν1
4(D − 3) . (2.17)
Summing up, the LO matrix element can thus be expressed in terms of the form
factor as
MLO = αs
π
[(F△ + F1)P µν1 + F2P µν2 ]δabϵµ(q1)ϵν(q2). (2.18)
The form factors can be obtained using
αs
π
F△ = i(2πµ)
4−D
16π2
∫
dDk
iπ2
Mµν△ · P1,µν , (2.19)
αs
π
F1 = i(2πµ)
4−D
16π2
∫
dDk
iπ2
Mµν
!
· P1,µν , (2.20)
αs
π
F2 = i(2πµ)
4−D
16π2
∫
dDk
iπ2
Mµν
!
· P2,µν . (2.21)
The second form factor of the triangle contribution vanishes since Mµν△ · P2,µν = 0.
This leads to the following relation between the partonic cross section and the form
factors
σˆLO(sˆ) =
α2s(µ
2
R)
1024π3sˆ2
∫ tˆ+
tˆ−
dtˆ
(|F△ + F1|2 + |F2|2) , (2.22)
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∆t(q) =
i(/q+mt)
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∆µνg (q) = −ig
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∆h(q) =
i
q2−m2h
λhtt = −imtv λµgtt = −igsγµ T
a
2 λhhh = −i3m
2
h
v
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+(q3 − q2)βgγα]qα2
qβ1
qγ3
Figure 2.4: Feynman rules used for the calculation of the gluon fusion cross section.
The gluon propagator is defined in the Feynman gauge.
where µR is the renormalization scale. The integration limits resulting from the
parametrization of the two-particle phase space are given by
tˆ± = m2h −
s(1∓ β)
2
, (2.23)
with β =
√
1− 4m2hs.
For this calculation, the LO cross section has been calculated analytically in the
narrow width approximation and numerically with all terms up to order O(ϵ2) for
finite top quark widths. This was required since the analytical results in the literature
are only valid in the narrow width approximation.
The matrix elements are calculated using the Feynman rules illustrated in Fig-
ure 2.4. This leads for the amplitudes of the two boxes M1 and M2 (Figure 2.3 (b)
and (c)) to
M1 =
∫
dDk
(2π)D
Tr
{
λνgtt∆t(k + q1)λ
µ
gtt∆t(k)λhtt∆t(k + p1)λhtt∆t(k + q1 + q2)
}
,
M2 =
∫
dDk
(2π)D
Tr
{
λµgtt∆t(k)λhtt∆t(k + q1 + q2 − p1)λνgtt∆t(k + q1− p1)λhtt
∆t(k + q1)
}
, (2.24)
giving rise to tensor integrals in the loop momenta of the quark k.
A Feynman parametrization is performed to transform the denominator into a
polynomial using Equation (2.25). For this purpose, a Feynman parameter xˆi is
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introduced for every propagator.
1
aα11 a
α2
2 . . . a
αn
n
=
Γ(α1 + · · ·+ αn)
Γ(α1) · · ·+ Γ(αn))
∫ 1
0
dxˆ1
∫ 1−xˆ1
0
dxˆ2 · · ·
∫ 1−xˆ1−···−xˆn−2
0
dxˆn−1
(1− xˆ1 − · · ·− xˆn−1)α1−1xˆα2−11 · · · xˆαn−1n−1
[a1(1− xˆ1 − · · ·− xˆn−1) + a2xˆ1 + · · ·+ anxˆn−1]
∑
αi
. (2.25)
In our case, we choose the propagator denominators ai as
a1 = (k + q1)
2 −m2t ,
a2 = (k + q1 + q2)
2 −m2t ,
a3 = (k + p1)
2 −m2t ,
a4 = k
2 −m2t (2.26)
for M1 and
a1 = (k + q1)
2 −m2t ,
a2 = (k + q1 − p1)2 −m2t ,
a3 = (k + p2)
2 −m2t ,
a4 = k
2 −m2t (2.27)
for M2. A proper substitution is performed to obtain integrals from 0 to 1 since the
numerical integration routine requires those boundaries. In the case ofM1 we choose
the following substitution.
xˆ1 → (1− x1)(1− x2)
xˆ2 → (1− x1)x2
xˆ3 → x1x3 (2.28)
and for M2
xˆ1 → x1(1− x2)
xˆ2 → (1− x1)(1− x3)
xˆ3 → (1− x1)x3 (2.29)
Further, a momentum shift Qi is applied to transform the integral to the generic form
of the left side of Equation (2.32),
kµ → k′µ = kµ −Qi
Q1 = (1− x1)q1 + (1− x1)x2q2 + x1x3p1
Q2 = (1− x1x2)q1 + (1− x1)x3q2 − (1− x1)p1 (2.30)
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with the transformed mass terms
M21 = m
2
t − s(1− x1)x2 −m2hx1x3,
M22 = m
2
t − (1− x1)(1− x3)t1 − (1− x1)mh. (2.31)
The integral over the momentum-space variables k can then be evaluated using the
following identities,∫
dDk
(2π)D
1
(k2 −M2 + iϵ¯)N = i
(−1)N
(4π)D/2
Γ(N − D2 )
Γ(N)
1
(M2 − iϵ¯)N−D2∫
dDk
(2π)D
k2
(k2 −M2 + iϵ¯)N =
i
2
(−1)N−1
(4π)D/2
Γ(N − 1− D2 )
Γ(N)
D
(M2 − iϵ¯)N−1−D2∫
dDk
(2π)D
kµkν
(k2 −M2 + iϵ¯)N =
i
2
(−1)N−1
(4π)D/2
Γ(N − 1− D2 )
Γ(N)
gµν
(M2 − iϵ¯)N−1−D2 (2.32)
In the case of Mi this results in the generic integrals
Ii = Γ(4)
∫
dˆ⃗x
∫
dk
(2π)
(1, k2, k4)
(k2 −R2i )4
= i
Γ(2 + ϵ)
(4π)2m4
(
4πµ2
m2
)ϵ ∫
dˆ⃗x
(
1;−2−ϵ1+ϵR2i ; (2−ϵ)(3−ϵ)ϵ(1+ϵ) R4i
)
N2+ϵi
(2.33)
where the denominators Ni of the amplitudes are
N1 = 1− x1(1− x1) {ρsx2x3 + ρtx2 + ρux3 + ρH} ,
N2 = 1− x1(1− x1){ρsx2x3 + ρtx2 + ρux3 + ρh}, (2.34)
and
Ri = Q
2
i +M
2
i (2.35)
and d⃗ˆx = dxˆ1dxˆ2dxˆ3. Singularities in the integration region emerge above the virtual
threshold wherem2hh > 4m
2
t . In this region, the virtual top quarks can become on-shell
causing imaginary parts of the integrals. An analytic continuation can be achieved
by the replacement m2t → m2t (1− iϵ¯) where ϵ¯≪ 1. For small values of ϵ¯ the numerical
integration over the three Feynman parameters causes numerical instabilities. This
can be prevented by reducing the power of the denominator of the amplitude. This
can be achieved with integration by parts w.r.t. one Feynman parameter, exemplified
as ∫ 1
0
dx
f(x)
(a+ bx)3
=
f(0)
2a2
− f(1)
2(a+ b)2
+
∫ 1
0
dx
f ′(x)
2(a+ bx)2
. (2.36)
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Figure 2.5: Example Feynman diagrams for the virtual corrections: a triangular, a
box diagram and a one-particle reducible.
Fractions with polynomials of higher orders in the denominator can be integrated by
parts using similar expressions. The choice of diﬀerent Feynman parameters leads to
diﬀerent levels of stability. In the scope of this work it has not been investigated in
detail what the optimal choice is. For both Mi, we choose to integrate over x2. The
denominator can be written as a first order polynomial in this parameter Ni = a+bx2.
The integration by parts leads to∫ 1
0
dx2Hi(x2)
N2+ϵi
= − Hi(x2)
(1 + ϵ)bN1+ϵi
∣∣∣∣∣
1
0
+
1
(1 + ϵ)b
∫ 1
0
dx2
H ′i(x2)
N1+ϵi
(2.37)
where Hi is the numerator of the matrix element Mi.
For the analytic LO cross section we used the program HPAIR [181]. This is a
Fortran based code calculating the NLO QCD corrections to Higgs pair production
in the heavy-top limit in the SM and the minimal supersymmetric SM, while keeping
the full mass dependence at LO.
2.2 Virtual Corrections
The virtual corrections to Higgs pair production can roughly be divided into three
types of diagrams: triangular diagrams, one-particle reducible and box diagrams
(Figure 2.5). The challenging part of this calculation are the box diagrams which are
described in Section 2.2.1. This is followed by a section about the calculation of the
one-particle reducible diagrams (Section 2.2.2), one about the triangular diagrams
(Section 2.2.3), one about the renormalization (Section 2.2.4) and one about the
finite part of the virtual corrections in Section 2.2.5. The final Section of this chapter
explains the numerical evaluation of the integrals derived in the preceding sections.
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2.2.1 Box Diagrams
The box diagrams are the most challenging contributions since they require the calcu-
lation of two-loop integrals with three kinematical parameter and mass ratios. First,
the procedure to establish the amplitudes of such diagrams is described based on the
unpublished method used in [55, 82]. Then this procedure is exemplified for a non-
planar box diagram. For diagrams with an additional threshold the method had to
be extended since they have a more involved singularity structure. We refer to those
diagram as gluon rescattering contribution. There are 47 generic box diagrams which
can be divided into six topologies with similar propagator structure. Topologies 1
to 5 are the diagrams for which the general method works, while the last topology
contains the gluon rescattering diagrams. An overview of all the Feynman diagrams
can be found in Appendix A.
The amplitude of a box diagram can generically be expressed as
Mabvirt = Fcϵµ(q1)ϵν(q2)µ2(4−D)R
∫
dDq
(2π)D
∫
dDk
(2π)D
Mµν (2.38)
where Fc is the color factor and ϵµ and ϵν are the gluon polarization vectors. As for
the LO matrix element, the virtual matrix element can be expressed in terms of the
form factors as
Mvirt = α
2
s
π2
[F1T
µν
1 + F2T
µν
2 ] δabϵµ(q1)ϵν(q2). (2.39)
The contraction of the matrix element with the projectors of Equation (2.17) leads
to the expressions for the form factors. Those are integrals in the loop momenta
of the gluons and quarks. Following the same procedure as for LO, a Feynman
parametrization, where a Feynman parameter xˆi is introduced for every propagator,
is performed using Equation (2.25). This is followed by a proper substitution to
obtain integrals from 0 to 1 since the numerical integration routine that was used
requires those integration boundaries (see Section 2.2.6). A shift in the momentum
leads to integral structures such that the integral over the momenta can be performed
using Equation (2.32). Integrals with an odd power of the loop momentum in the
numerator vanish.
The obtained scalar integral still cannot be integrated due to ultraviolet, collinear
and infrared singularities. Below the virtual top mass threshold, there are UV and
IR singularities at the endpoints of the integral and due to the Gamma functions UV
singularities within the form factors. The ultraviolet singularities can be extracted
using the suitable end-point subtractions. Thereby, the divergent part of the integral
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Figure 2.6: Non-planar diagram evaluated to exemplify the extraction of the singu-
larities from the amplitudes.
is subtracted from the main integrand leading to a regular expression S2. The term
S1 added back can be evaluated analytically since its numerator does not depend on
the corresponding integrated variable any more. Generically this method is given by∫ 1
0
dx
f(x)
(1− x)1−ϵ =
∫ 1
0
dx
f(1)
(1− x)1−ϵ︸ ︷︷ ︸
S1
+
∫ 1
0
dx
f(x)− f(1)
(1− x)1−ϵ︸ ︷︷ ︸
S2
=
f(1)
ϵ
+
∫ 1
0
dx
f(x)− f(1)
(1− x) +O(ϵ). (2.40)
Further singularities in the integration region emerge above the virtual thresh-
old where m2hh > 4m
2
t . In this region, the virtual top quarks can become on-shell
causing imaginary parts of the integrals. An analytic continuation is performed by
the replacement m2t → m2t (1 − iϵ¯) where ϵ¯≪ 1. For small values of ϵ¯ the numerical
integration over the six Feynman parameters causes numerical instabilities. As in the
LO calculation, this can be prevented with integration by parts w.r.t. one Feynman
parameter (see Equation (2.36)).
Example 1: non-planar diagram
In the first example the method to extract the UV divergences is shown for the
non-planar diagram in Figure 2.6. The matrix element can be built up using the
Feynman rules in Figure 2.4 leading to
M =
∫
dkD
(2π)D
∫
dqD
(2π)D
Tr
{
∆t(k + q)λhtt∆t(k + q + p1)λ
σ
gtt∆t(k + p1 − q1)
λhtt∆t(k + q2)λ
ν
gtt∆t(k)λ
ρ
gttλggg(q, q1,−(q + q1); ρ, µ, σ)
}
, (2.41)
where k and q are the loop-momenta of the quark and gluon in the loops. This matrix
element contains only UV singularities. There are no IR singularities.
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A Feynman parametrization is performed as described in Equation (2.25) intro-
ducing six Feynman parameters xˆi, i = 1, ..., 6. The propagator denominators ai of
Equation (2.25) are chosen for the integral over the first loop-momentum k as
a1 = (k + q)
2 −m2t ,
a2 = (k + q + p1)
2 −m2t ,
a3 = (k − q1 + p1)2 −m2t ,
a4 = (k + q2)
2 −m2t ,
a5 = k
2 −m2t , (2.42)
and for the integral over the second loop-momentum q as
a˜1 = N1,
a˜2 = q
2 + 2qq1,
a˜3 = q
2, (2.43)
whereN1 is the denominator of the amplitude after integrating over the loop-momentum
k. The following substitution is performed to obtain integrals from 0 to 1 of the Feyn-
man parameters
xˆ1 → (1− x1)(1− x2), xˆ2 → (1− x1)x2, xˆ3 → x1(1− x3),
xˆ4 → x1x3x4, xˆ5 → x5, xˆ6 → (1− x5)x6 (2.44)
Further a shift in both loop momenta is performed to obtain integrals of the form as
in Equation (2.32),
kµ → k′µ = kµ −Q1, (2.45)
qµ → q′µ = qµ −Q2, (2.46)
with
Q1 = (1− x1)q − x1(1− x3)q1 + x1x3x4q2 + [(x2(1− x1) + x1(1− x3))]p1,
Q2 = [x5(1− x3)− x6(1− x5)]q1 − x3x4x5q2 − (1− x2 − x3)x5p1.
After these manipulations the remaining Feynman integrals acquire the following
general structure
S =
∫ 1
0
dx⃗ G
x2+ϵ1 (1− x1)1+ϵ x3 (1− x5)
x1+ϵ5 N
3+2ϵ(x⃗)
H (x⃗) (2.47)
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G contains all the factors which are not relevant for the singularity structure and
H is the numerator of the matrix element depending on the Feynman parameters x⃗i
(i = 1, ..., 6). The denominator N has the following structure
N = 1− c1ρs + c2ρt − c3ρu + c4ρh, (2.48)
c1 = x1(1− x1)[x5(1− x3) + x6(1− x5)]x3x4 + x21x3x4(1− x3),
c2 = x1(1− x1)[x5(1− x3) + x6(1− x5)](1− x2 − x3) + x1(1− x3)[x2(1− x1)
+ x1(1− x3)− 1],
c3 = x3x4x5(1− x1)x1(1− x2 − x3) + x1x3x4[x2(1− x1) + x1 + (1− x3)],
c4 = x1(1− x1)x3(1− x2 − x3)2 + [x2(1− x1) + x1(1− x3)][x2(1− x1)
+ x1(1− x3)− 1].
For this diagram the singularity appears as x5 is approaching zero. This can be
regularized using endpoint subtractions as explained in the last section. The subtrac-
tion term is in this case the original integrand with vanishing x5. This leads to the
following expression
S =
∫ 1
0
dx⃗
1
x1+ϵ5
H˜ (x⃗)
N3+2ϵ(x⃗)
=
∫ 1
0
dx⃗
1
x1+ϵ5
{
H˜ (x⃗)
N3+2ϵ(x⃗)
− H˜(x⃗; x5 = 0)
N(x⃗; x5 = 0)3+2ϵ
}
︸ ︷︷ ︸
S1
+
∫ 1
0
dx⃗
1
x1+ϵ5
H˜ (x⃗; x5 = 0)
N(x⃗; x5 = 0)3+2ϵ︸ ︷︷ ︸
S2
(2.49)
with the abbreviation
H˜ (x⃗) = Gx2+ϵ1 (1− x1)1+ϵx3(1− x5)H (x⃗) . (2.50)
Further, we introduce the notation F (x⃗; xi = 0) where the boundary condition xi = 0
is imposed1. S1 is a regular integral in x5 and can be expanded in ϵ while S2 can be
integrated analytically over x5. Explicitly, we have
S1 =
∫ 1
0
dx⃗
1
x5
[
H(x⃗)(1− x5)
N3(x⃗)
{
1− ϵ2log(√x5N(x⃗)) + ϵ
2
2
4log2(
√
x5N(x⃗))
}
− H(x⃗; x5 = 0)(1− x5)
N3(x⃗; x5 = 0)
{
1− ϵ2log(√x5N(x⃗; x5 = 0)) + ϵ
2
2
4log2(
√
x5N(x⃗; x5 = 0))
}]
(2.51)
1Later, this notation is generalized to other boundary conditions
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Figure 2.7: Gluon rescattering diagram to exemplify the method to extract the di-
vergences from the amplitude for a process with two thresholds.
and
S2 = −
∫ 1
0
dx⃗
H(x⃗; x5 = 0)
N3(x⃗; x5 = 0)
{
1
ϵ
− 2log(N(x⃗; x5 = 0)) + ϵ
2
4log2(N(x⃗; x5 = 0))
}
(2.52)
In summary, we were able to divide the divergent integral S into two parts S1 and
S2 such that the divergent parts were extracted and regular integrals in x5 were left
over.
Example 2: Gluon rescattering diagram
In this section the extraction of the IR and collinear singularities of the gluon
rescattering amplitude of the diagram illustrated in Figure 2.7 is described. Those
are particularly challenging to calculate since they have an additional threshold where
the invariant double Higgs mass exceeds zero: M2hh > 0. In this case a modified
subtraction terms is needed to extract the divergences.
The Feynman rules (Figure 2.4) lead to the following expression for the amplitude
M =
∫
dkndqn
(2π)2n
Tr
{
∆t(k − q1)λhtt∆t(k − q1 + p1)λhtt∆t(k + q2)λσgtt∆t(k + q)λρgtt
}
λggg(q, q1,−(q + q1); τ, µ, ρ)λggg(−q, q2, q − q2; τ, ν, σ). (2.53)
As in the preceding example, the form factors are obtained by applying the proper
projectors on the matrix element. A Feynman parametrization is performed intro-
ducing six Feynman parameters xi, i = 1, ..., 6. The propagator denominators ai of
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Equation (2.25) are chosen for the integration over the first loop-momentum k as
a1 = (k + q)
2 −m2t ,
a2 = (k + q2)
2 −m2t ,
a3 = (k + p1 − q1)2 −m2t ,
a4 = (k − q1)2 −m2t , (2.54)
and for the integration over the second loop-momentum as
a˜1 = N1,
a˜2 = q
2 + 2qq1,
a˜3 = q
2 − 2qq2,
a˜4 = q
2, (2.55)
whereN1 is the denominator of the amplitude after integrating over the loop-momentum
k. The following substitution is used to obtain integrals from 0 to 1,
xˆ1 → 1− x1, xˆ2 → x1(1− x2), xˆ3 → x1x2x3, (2.56)
xˆ4 → x4x5, xˆ5 → 1− x5, xˆ6 → (1− x4)x5x6 (2.57)
Further, a momentum shift in the momenta q and k as described in the preceding
example is performed.
kµ → k′µ = kµ −Q1, (2.58)
qµ → q′µ = qµ −Q2,
with
Q1 = (1− x1)q − x1x2q1 + x1(1− x2)q2 + x1x2x3p1,
Q2 = [x4x5x2 + 1− x5]q1 − [x4x5(1− x2)− (1− x4)x5x6]q2 − x4x5x2x3p1.
This leads to an expression of the following general structure,
S =
∫ 1
0
dx⃗
x1+ϵ1 (1− x1)ϵx2x1+ϵ+α4 (1− x4)x−ϵ5
N3+2ϵ(x⃗)
H(x⃗) (2.59)
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where dx⃗ is an abbreviation of dx1dx2dx3dx4dx5dx6. The denominator N can be
brought into the following form
N = x4 − c1ρs − c2ρt − c3ρu − c4ρh,
c1 = x1
{
x1x2(1− x2)x4 + (1− x1)(1− x5 + x4x5x2)[(1− x4)x6 + x4(1− x2)]
}
,
c2 = x1x2x3x4
{
1− x1x2 − (1− x1)[x2x4x5 + 1− x5]
}
,
c3 = x1x2x3x4
{
x1(1− x2) + (1− x1)x5[(1− x4)x6 + x4(1− x2)]
}
,
c4 = x1x2x3x4
{
1− x1x2x3 − (1− x1)x4x5x2x3
}
. (2.60)
The integral becomes singular if x4 and c vanish simultaneously. In the following the
auxiliary exponent α takes possible x4 contributions from the matrix element into
account.
For the infrared and collinear divergences the subtraction method has to be im-
proved. The integral contains the denominator that is a second order polynomial
N = ax24 + bx4 + c in one of the Feymann parameters x4. The coeﬃcients a and c
are of the order ρi (i = s, t, u, h) and b of the order 1 in the heavy-top limit. From
the calculation in the heavy-top limit it is known that only b and c contribute to the
singularities. Since the singularity structure in the ratio to the Born term is univer-
sal, the same has to hold for the full mass dependent calculation as well. Thus one
can construct a modified denominator N0 which only depends on b and c. With this
observation a subtraction term is constructed as
S =
∫ 1
0
d˜⃗xdx4
x4H(˜⃗x)
N3+2ϵ(x⃗)
=
∫ 1
0
d˜⃗xdx4
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
x4H(x⃗)
N3+2ϵ(x⃗)
− x4H(x⃗, x4 = 0)
N3+2ϵ0 (x⃗)
)
︸ ︷︷ ︸
S1
+
x4H(x⃗, x4 = 0)
N3+2ϵ0 (x⃗)︸ ︷︷ ︸
S˜2
⎫⎪⎪⎪⎬⎪⎪⎪⎭ (2.61)
with N0 = bx4 + c and d˜⃗x = dx1dx2dx3dx5dx6.
a = O(ρi), b = 1 +O(ρi), c = −ρsx1(1− x1)(1− x5)x6
The first subtracted term is regular and can be Taylor-expanded in ϵ. The integration
over the Feynman parameter of the term added back can be performed which leads to
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hypergeometric functions F and thus to an extraction of the divergences after using
their transformation properties. The hypergeometric function is defined as
F (a, b; c; z) =
Γ(c)
Γ(b)Γ(c− b)
∫ 1
0
dttb−1(1− t)c−b−1(1− zt)−a (2.62)
and has the following properties
F (a, 0; c; z) = 1
F (a, b; c; z) =
Γ(c)Γ(b− a)
Γ(b)Γ(c− a)(−z)
−aF (a, 1− c+ a; 1− b+ a; z−1)
+
Γ(c)Γ(a− b)
Γ(a)Γ(c− b)(−z)
−bF (b, 1− c+ b; 1− a+ b; z−1). (2.63)
For the generic initial integral S the divergent part is subtracted resulting in a regular
term called S1
S1 =
∫ 1
0
dx⃗ x1x2x
1+α
4
{
(1− x4)H(x⃗)
N3(x⃗)
[
x1(1− x1)x4
x5N2(x⃗)
]ϵ
− H(x⃗; x4 = 0)
N30 (x⃗)
[
x1(1− x1)x4
x5N20 (x⃗)
]ϵ}
(2.64)
that can be expanded in ϵ. For the term added back referred to as S˜2 the integration
over x4 is performed using hypergeometric functions,
S˜2 =
∫ 1
0
dx⃗ x1x2x
1+α
4
H(x⃗; x4 = 0)
N30 (x⃗)
[
x1(1− x1)x4
x5N20 (x⃗)
]
=
Γ(2 + ϵ+ α)
Γ(3 + ϵ+ α)
∫ 1
0
dx⃗0
x1+ϵ1 (1− x)ϵx2x−ϵ5
c3+2ϵ
F (3 + 2ϵ, 2 + ϵ+ α; 3 + ϵ+ α;−b
c
)
H(x⃗; x4 = 0)
(2.65)
A transformation in the argument of the hypergeometric function provides an extrac-
tion of the divergences. Using the identities in Equation (2.63) we arrive at
S˜2 =
∫ 1
0
dx˜
x1+ϵ1 (1− x1)ϵx2
xϵ5
{Γ(−1− ϵ+ α)
Γ(−ϵ+ α)
F (3 + 2ϵ, 1 + ϵ− α; 2 + ϵ− α;− cb)
b3+2ϵ
+
Γ(1 + ϵ− α)Γ(2 + ϵ+ α)
Γ(3 + 2ϵ)
1
c1+ϵ−αb2+ϵ+α
}
H(x⃗; x4 = 0) (2.66)
The second term is only singular if α is zero. Otherwise, the integrand can be ex-
pressed as logarithms of c resulting in regular integrals. Therefore, only the case for
a vanishing α has to be investigated further. This corroborates that H(x⃗, x4 = 0)
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defines all related singularities, while terms of O(x4) result in regular integrals. S˜2
with α set to zero now reads
S˜2 =
∫ 1
0
dx˜x1+ϵ1 (1− x1)ϵx2x−ϵ5 H(x⃗; x4 = 0)
{
−F (3 + 2ϵ, 1 + ϵ; 2 + ϵ;−
c
b)
(1 + ϵ)b3+2ϵ︸ ︷︷ ︸
S2
(2.67)
+
Γ(1 + ϵ)Γ(2 + ϵ)
Γ(3 + 2ϵ)
1
c1+ϵb2+ϵ︸ ︷︷ ︸
S˜3
}
(2.68)
S2 is a regular integral and can thus be expanded in ϵ. The second term referred to
as S˜3 contains further singularities in x5 and x6. Here a simple endpoint subtraction
can be applied. Using the following abbreviation
H˜(x⃗; x4 = 0) = x2
H(x⃗; x4 = 0)
b2+ϵ(1− x1) (2.69)
the integral S˜3 can be decomposed as
S˜3 = (−ρs)−1−ϵ
∫ 1
0
dx˜x−ϵ5 (1− x5)−1−ϵx−1−ϵ6 H˜(x⃗; x4 = 0)
= (−ρs)−1−ϵ [S3 + S4 + S5 + S6] (2.70)
A subtraction term for each of the singularities, where x5 → 1 or x6 → 0, is required.
A further term has to be added back to compensate for the double counting of the
point where (x5 → 1) or (x6 → 0) simultaneously. The S3 term contains now regular
integrals
S3 =
∫ 1
0
dx˜
xϵ5(1− x5)1+ϵx1+ϵ6
{
H˜(x1, x2, x3, 0, x5, x6) + H˜(x1, x2, x3, 0, 1, 0)
− H˜(x1, x2, x3, 0, 1, x6)− H˜(x1, x2, x3, 0, x5, 0)
}
(2.71)
The integration over x6 of the first term added back leads to an explicit expression
for S4
S4 = −1
ϵ
∫ 1
0
dx1dx2dx3dx5
H˜(x⃗; x4 = 0, x6 = 0)− H˜(x⃗; x4 = 0, x5 = 1, x6 = 0)
xϵ5(1− x5)1+ϵ
(2.72)
For the second term added back, S5, the integration over x5 is performed analytically,
S5 =
Γ2(1− ϵ)
Γ(1− 2ϵ)
∫ 1
0
dx1dx2dx3dx6
H˜(x⃗; x4 = 0, x5 = 1)− H˜(x⃗; x4 = 0, x5 = 1, x6 = 0)
x1+ϵ6
(2.73)
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while for the last term the integration over x5 and over x6 is performed,
S6 =
Γ2(1− ϵ)
ϵ2Γ(1− 2ϵ)
∫ 1
0
dx1dx2dx3H˜(x⃗; x4 = 0, x5 = 1, x6 = 1). (2.74)
Finally, we arrive at an expression for S where all IR singularities are isolated as ϵ−1
and ϵ−2 poles,
S =
2∑
i=1
Si + (−ρs)−1−ϵ
6∑
i=3
Si . (2.75)
2.2.2 One-Particle Reducible Diagrams
There are two one-particle reducible diagrams (Figure 2.2). They can either be cal-
culated analytically or they can be derived from the known results of H → Zγ. The
analytical calculation has been published in [191]. The one-particle reducible dia-
grams consist of twice a two gluons-to-one-Higgs process connected by an oﬀ-shell
gluon. The second approach uses the analytical results of H → Zγ. The coupling
coeﬃcients have to be adjusted; the Z boson is replaced by the oﬀ-shell gluon and
the photon by the on-shell gluon. In the case of the Higgs decaying into a photon
and a Z boson, the partial decay width looks as follows [192, 193]:
Γ [H → Zγ] = G
2
FM
2
Wαm
3
h
64π4
(
1− M
2
Z
m2h
) ∣∣∣∣∣∑
f
Af (τf ,λf ) + AW (τW ,λw)
∣∣∣∣∣
2
(2.76)
where for i = f ,W
τi =
4m2i
m2h
(2.77)
and
λi =
4m2i
m2Z
. (2.78)
The form factor AW describes the W boson loop contribution which can be disre-
garded since for the QCD corrections we only have to consider the fermion loop term
Af for the gluonic counter part
Af (τ,λ) = 2Ncf
ef (I3f − 2efsin2θw)
cosθw
[I1(τ,λ)− I2(τ,λ)] (2.79)
34
with the functions I1 and I2 defined as
I1(τ,λ) =
τλ
2(τ − λ) +
τ 2λ2
2(τ − λ)2 [f(τ)− f(λ)] +
τ 2λ
(τ − λ)2 [g(τ)− g(λ)] , (2.80)
I2(τ,λ) =
τλ
2(τ − λ) [f(τ)− f(λ)] , (2.81)
and
f(τ) =
{
arcsin2 1√τ τ ≥ 1
−14
[
log1+
√
1−τ
1−√1−τ − iπ
]
τ < 1 ,
g(τ) =
{ √
τ − 1 arcsin 1√τ τ ≥ 1√
1−τ
2
[
log1+
√
1−τ
1−√1−τ − iπ
]
τ < 1 .
This result can be translated to the following ”eﬀective” Feynman rule for the Hgg∗-
vertex
−iαs
πv
δab(I1 − I2) [qµ2 qν1 − (q1q2)gµν ] (2.82)
that is only valid for the quark-induced subdiagram of the Hgg∗-coupling. For the
investigated process q2 is chosen to be the momentum of the oﬀ-shell gluon. Using
this Feynman rule one obtains the following expression for the matrix element,
M = −i
(αs
πv
) δab
2t
(I1 − I2)2
{
sqµqν + t1(q
µqν1 − qµ2 qν)−
t21
2
gµν
}
(2.83)
giving rise to an explicit expression for both form factors of the Higgs pair production,
Fj = −i g
4
sm
2
(4π)4v2
δab4(I1 − I2)2Gj (j = 1, 2) (2.84)
with G1 = ρs and G2 =
ρtρu−ρsρh
ρt+ρh
.
2.2.3 Triangular Diagrams
One has to consider twelve generic diagrams for the triangular case. As in the LO
case, the known results of the single Higgs case can be used to obtain the partonic
cross section contribution of the triangular diagrams. The QCD corrections of the
triangular diagram only appear in the initial state involving the quark loop while the
final-state h∗ → hh splitting is of purely electroweak nature. Therefore, they are the
same for single Higgs and for double Higgs production for a given Q2. On the level of
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the matrix element this means that the known virtual corrections C of single Higgs
production can be used and only the LO matrix element has to be modified for Higgs
pair production,
Mvirt =MLO[1 + C(Q2)αs
π
]. (2.85)
2.2.4 Renormalization
The higher order virtual corrections lead to divergent results. To obtain the physical,
finite correction a counter term has to be introduced such that the UV poles can-
cel. The IR and COLL singularities cancel against the real corrections. The counter
terms are only defined up to finite terms that are defined the renormalization scheme.
The scheme choice of these counter terms does not aﬀect the physical quantities if
calculated up to all orders in perturbation theory. However, calculations performed
only up to finite order of perturbation theory lead to renormalization-scheme depen-
dent results. The scale dependence of the input parameters can be used to estimate
the theoretical uncertainties caused by the truncation of the perturbative series. All
physical input parameters contributing to a process have to be renormalized. In our
calculation these are the strong coupling constant αs and the quark mass. Since the
bottom-quark is neglected in this calculation, only the top-quark mass mt has to be
considered. The bare quantities αs,0 and mt,0 have to be replaced by the renormalized
quantities αs and mt and the counter terms δαs and δmt
αs,0 = αs + δαs,
mt,0 = mt + δmt. (2.86)
At the level of the cross section, the virtual corrections can be decomposed into
the loop-corrections δσvirt and the LO cross section σLO that is a function of the
bare parameters. The perturbative expansion of the bare parameters in terms of the
renormalized ones yields the counter term of the cross section,
∆σvirt = σLO(αs,0,mt,0) + δσvirt
= σLO(αs,mt) + δσCT + δσvirt, (2.87)
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where δσCT is the counter term originating from δαs and δmt. Hence, the counter
term can be expressed as
δσCT = δαs
∂σLO
∂αs
+ δmt
∂σLO
∂mt
(2.88)
where δαs and δmt denote the counter terms of the strong coupling constant and the
top mass. In terms of the form factors Fi this corresponds to the counter term of the
matrix element
MCT = α
2
s
π2
[
(FCT△ + FCT1 )T µν1 + FCT2 T µν2
]
δabϵ
a
µ(q1)ϵ
b
µ(q2). (2.89)
The IR and COLL divergences cancel at the cross section level with the IR and COLL
poles of the real corrections. In addition, a subtraction term can be constructed
such that the IR divergences cancel for the virtual corrections alone, that is then
added back to the real corrections thus resulting in finite virtual and real corrections
separately. This subtraction term can be constructed from the results in the heavy
quark limit since the relative IR singularity structure to the Born term is universal and
therefore it is the same for the heavy quark mass limit and the full mass-dependent
calculation. The subtraction term in the heavy-top limit is given by [181],
δHTLF =
αs
π
Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
−Q¯2
)ϵ{ 3
2ϵ2
+
33− 2NF
12ϵ
(
µ2
−Q¯2
)−ϵ
− 11
4
+
π2
4
}
FLO
(2.90)
with Q¯2 = Q2 + io and the abbreviation
F˜LO = Γ(1 + ϵ)
(
4πµ2
m2t
)ϵ
FLO (2.91)
involving the full mass-dependent LO form factors FLO derived in Section 2.1. The
explicit transformation to the overall coeﬃcients used in our calculation leads to
δHTLF =
αs
2π
Γ(1 + ϵ)
Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
m2t
)ϵ{ 3
ϵ2
+
1
ϵ
[
33− 2NF
6
− 3 log
(−Q2
m2t
)]
− 11
2
+
π2
2
+
3
2
log2
(−Q2
m2t
)
− 33− 2NF
6
log
(
µ2
m2t
)}
FLO (2.92)
For the renormalization of αs, the modified minimal-subtraction schemeMS with the
top-quark decoupled from the running of αs is used
δαs
αs
=
αs
π
Γ(1 + ϵ)
(
4πµ2
µ2R
)ϵ{
−33− 2(NF + 1)
12ϵ
+
1
6
log
µ2R
m2t
}
, (2.93)
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Figure 2.8: Feynman diagram for gg → HH exemplifying external self-energy correc-
tions.
where NF = 5 [3, 4, 194]. The additional divergence and finite term due to the top
quark is cancelled by the external self-energies ∆t for the amputated Green-functions
(Figure 2.8),
δαsF =
(
δαs
αs
+∆t
)
FLO (2.94)
with
∆tF =
αs
π
Γ(1 + ϵ)
(
4πµ2
m2t
)ϵ −1
6ϵ
FLO (2.95)
resulting in the explicit sum over the 5 light flavours
δαsF =
αs
π
Γ(1 + ϵ)(4π)ϵ
[
−33− 2NF
12ϵ
]
FLO. (2.96)
The amputation of the external legs gives an additional factor 1/2. Since the top-
loop can appear in both legs there is a factor 2 which cancels the factor 1/2 from the
amputation.
This leads to an additional logarithmic term in Equation (2.93) and avoids the ap-
pearance of large artificial logarithms in the total result.
Rewriting this expression to the overall coeﬃcients used in our calculation we end
up with the following counter term due to αs and the external self energies involving
the top quark
δαsF =
Γ(1 + ϵ)Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
m2t
)2ϵ [
−33− 2NF
6
] [
1
ϵ
− log µ
2
m2t
]
FLO (2.97)
Since there are explicit cancellations between the αs and HTL counter term we add
them up to a subtraction term denoted as δIRF
δIRF =
Γ(1 + ϵ)Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
m2t
)2ϵ
FLO
{ 3
ϵ2
− 3
ϵ
log(−ρs) + 3
2
log2(−ρs)
− 11
2
+
π2
2
}
(2.98)
38
with ρs = Q2/m2t . Adding this expression to the 2-loop contributions results in the
pure top-mass dependent part of the virtual corrections. This however, still involves
the bare top mass that has to be renormalized, too.
In the on-shell scheme the counter term δmt reads
δmt
mt
= −αs
π
Γ(1 + ϵ)
(
4πµ2
m2t
)ϵ(1
ϵ
+
4
3
)
. (2.99)
The mass counter term of Equation (2.88) can be translated to the form factors
according to Equation (2.89),
δmtF = −2
δmt
mt
m2t
∂F˜LO
∂m2t
= Γ(1 + ϵ)
Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
m2t
)ϵ(1
ϵ
+
4
3
){
ϵFLO +m
2
t
∂FLO
∂m2t
}
. (2.100)
2.2.5 Finite Part of the Virtual Corrections
The virtual part of the diﬀerential partonic cross section can be expressed in terms
of the form factors after summing up all the box diagrams, the one-particle reducible
diagrams, the triangular diagrams, all their permutations and the counter terms as
dσˆvirt
dt
= KRe
{ [FLO1△C△ + FLO1! ]∗ [C△F1△ + F1!] + FLO∗2! F2!} (2.101)
with Fi,! the two form factors of the box contributions and F1,△ the form factor of
the triangular contributions, the overall coeﬃcient
K =
G2Fα
3
sm
4
t
256(2π)4Q4
, (2.102)
and
C△ =
3m2h
Q2 −m2h
. (2.103)
The form factors are normalized such that in the heavy-top limit the LO form factors
approach the values
FLO1△ =
2
3
,
FLO1! = −
2
3
,
FLO2△ =
2
3
,
FLO2! = O
(
Q2
m2t
)
,
(2.104)
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and for the NLO form factors as of [181]
Fi,△/! = Γ(1− ϵ)Γ(1− 2ϵ)
(
4πµ2
m2t
)ϵ { 3
ϵ2
− 3
ϵ
log(−ρs) + 3
2
log2(−ρs)− 11
2
+
π2
2
}
FLOi,△/! .
(2.105)
The expression in Equation (2.101) considering all the box, the triangular, the one-
particle reducible diagrams and the counter terms is finite. An integration of this
expression over the Mandelstam variable t1 leads to the virtual part of the cross
section depending only on Q2. The detailed implementation of this additional in-
tegration is explained in Section 2.2.6. The virtual part of the diﬀerential hadronic
cross section can thus be obtained by multiplying this virtual partonic cross section
with the diﬀerential gluon density Lgg as
Q2
d∆σvirt
dQ2
= Q2
∫ 1
τ0
dτ
dLgg
dτ
σˆvirt(Q
2)δ(Q2 − τS) = τ dL
gg
dτ
σˆvirt(Q
2)
∣∣∣
τ=Q
2
S
. (2.106)
Hence, the virtual part of the diﬀerential cross section is a seven dimensional integral
which needs to be evaluated numerically.
2.2.6 Numerical Evaluation
Besides the derivation of the individual amplitudes a major challenge of this project
is the numerical evaluation of the integrals. Up to seven dimensional integrals have
to be calculated where six dimensions originate from the Feynman parametrization
and one from the phase-space integration. The numerical evaluation of those inte-
grals has been performed using the adaptive Monte Carlo routine Vegas [195]. In
addition to the numerical instabilities above the threshold described at the end of
Section 2.1, numerical instabilities occur due to the phase-space integration and for
small imaginary parts ϵ¯ of the quark mass. In the following, the methods how the
integrals have been stabilized are described.
The additional integration over the phase-space variable t1 to the six dimensional
Feynman integral leads to logarithmic divergences for each individual diagram at the
end points. Therefore we substitute t1 by y smoothing the function in the integration
range for each individual diagram:∫ t1+
t1−
dt1
t1u1 − sM2H
f(t1, u1) =
∫ y+
y−
dy
t1+ − t1− [f(t1, u1) + f(u1, t1)] (2.107)
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with u1 = −s − t1, the substitution y = log t1−t1−m2t , f(t1, u1) the matrix element with
the singular coeﬃcient extracted and the integration limits
t1± = −s
2
[
1∓
√
1− 4m
2
h
s
]
,
y+ = log
(t1+ − t1−)(1− ϵ)
m2t
,
y− = log
(t1+ − t1−)ϵ
m2t
, (2.108)
where ϵ is a cut-oﬀ regulator at the boundaries of the t1-integration. We have checked
that the total sum of all the diagrams is independent of ϵ.
Further, the numerical integration to obtain the virtual part of the partonic cross
section becomes unstable for very small imaginary parts ϵ¯ of the quark mass. There-
fore the virtual contributions are calculated with diﬀerent values of ϵ¯ for which the
integration is suﬃciently stable. Then an extrapolation is used to obtain the result
valid in the narrow width approximation where ϵ¯ → 0. For this calculation we have
used the Richardson extrapolation [196]. This is a sequence acceleration method to
obtain a better convergence behaviour and is only valid for a polynomial behaviour
in the regulator. The number of nodes is inversely proportional to the error. In the
simplest case, it combines two approximations obtained by evaluating the polynomial
for two diﬀerent discretizations. For instance, in the case of the approximation of
an arbitrary function f with two nodes at the locations h and 2h the approximation
polynomial M2 can generically be expressed as:
M2(h) = af(h) + bf(2h).
This is required to be the same as the value at the origin up to order h2,
M2(h) = af(h) + bf(2h)
!
= f(0) +O(h2).
Solving this expression for M2 leads to
M2(h) = 2f(h)− f(2h).
The approximations Mi can be derived with the same idea up to any order. Fig-
ure 2.9 sketches the Richardson extrapolation of a function f(x) with four nodes.
Alternatively, the approximation polynomial can iteratively be expressed as
Mi+1(h) =
tkiMi
(
h
t
)−Mi(h)
tki − 1 , (2.109)
41
f(x) polynomial for small hf(x)
xh 2h 4h 8h
Figure 2.9: Sketch of the Richardson extrapolation for a polynomial f(x).
where h and h/t are two step sizes and ki the truncation error, i.e. the error is of the
order of O (hki).
For our calculation, h is identified with the imaginary part of the quark mass, ϵ¯.
Several numbers of nodes have been tested to see when the plateau is reached where
additional nodes do not improve the approximation significantly.
For this purpose, the diﬀerential cross sections have been calculated for four diﬀer-
ent ϵ¯ values for every individual box diagram. Then the Richardson extrapolation has
been applied using diﬀerent numbers of nodes. The explicit Richardson polynomials
used for this, read
M2 [f(h), f(2h)] = 2f(h)− f(2h) = f(0) +O(h2),
M4 [f(h), f(2h), f(4h)] = [8f(h)− 6f(2h) + f(4h)]/3 = f(0) +O(h3),
M8 [f(h), f(2h), f(4h), f(8h)] = [64f(h)− 56f(2h) + 14f(4h)− f(8h)]/21
= f(0) +O(h4) . (2.110)
Figure 2.10 shows the results for one specific diagram (form factor 1 of box diagram
45 in Appendix A). In the upper histogram one can see the invariant Higgs pair mass
distribution for diﬀerent ϵ¯ values, i.e. diﬀerent sizes of the imaginary part of the top
mass. In addition, there are the values in the narrow width approximation obtained
with the Richardson extrapolation for various numbers of nodes referred to as RiEx.
The first index defines how many nodes have been used. Since the numerical error is
quite sizable for an ϵ¯ value of 0.1, the Richardson extrapolation has been calculated
once including 0.1 and once starting at 0.2. The index 0.1 at the RiEx means that
ϵ¯ = 0.1 is included in the Richardson extrapolation while the index 0.2 means that
the ϵ¯ values start at 0.2. The error bands represent the numerical error for the curves
with the diﬀerent ϵ¯ while the errors of the RiEx curves have been obtained by adding
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Figure 2.10: The upper histogram illustrates the contribution of one individual box
diagram (box diagram 45 in Appendix A) to the diﬀerential cross section over the
invariant Higgs pair mass. The curves labeled by ”reg = x” show the contributions for
ϵ¯ = x. The curves labeled by ”RiExy,z” illustrate the narrow width approximation
obtained by a Richardson extrapolation with y the number of nodes and starting
with the node at z = 0.1, 0.2. The middle plot shows the numerical integration error
in percentages and the lower plot shows the deviations of the diﬀerent extrapolated
results from the default RiEx4,0.1 result in percentages.
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ϵ¯ diﬀerential cross section
ϵ¯ = 0.1 −0.4472± 1.6 · 10−4
ϵ¯ = 0.2 −0.4419± 1.4 · 10−4
ϵ¯ = 0.4 −0.4126± 1.1 · 10−4
ϵ¯ = 0.8 −0.3263± 2.1 · 10−4
ϵ¯ = 1.6 −0.1884± 9.6 · 10−5
Table 2.1: Virtual mass eﬀects of the partonic diﬀerential cross section values for
diﬀerent ϵ¯ at an invariant Higgs pair mass of 600 GeV without the factor K of Equa-
tion (2.102) for the first form factor of box 45.
RiExx,y diﬀerential cross section numerical error
RiEx4,0.1 −0.44418 0.00061
RiEx3,0.1 −0.44641 0.00050
RiEx2,0.1 −0.45262 0.00034
RiEx3,0.2 −0.46206 0.00045
RiEx4,0.2 −0.55386 0.00055
Table 2.2: Virtual mass eﬀects of the partonic diﬀerential cross section obtained with
the Richardson extrapolation using diﬀerent numbers of nodes at an invariant Higgs
pair mass of 600 GeV without the factor K of Equation (2.102) for the first form
factor of box 45.
quadratically the error for every single node involved in the Richardson extrapolation.
In the middle plot the statistical errors of the numerical integration in percentages
are illustrated. These amount to less than 0.2% for almost the whole range in the
invariant Higgs pair mass for this particular box diagram. In the lower plot the
deviations from the default result RiEx4,0.1 are given in percentages.
In the upper plot one can observe the good convergence behaviour as the lines
approach each other for smaller ϵ¯ values reaching a plateau. The same behaviour
can be observed for diﬀerent numbers of nodes for the Richardson extrapolation; the
diﬀerences between the curves decrease for more nodes. This underlines the stability
and reliability of the method. Since it is diﬃcult to distinguish the diﬀerent curves
in the histogram, the specific values for the diﬀerential partonic cross section at an
invariant Higgs pair mass of 600 GeV are listed in Table 2.1 and in Table 2.2 the
corresponding values obtained by the Richardson extrapolation. We found that four
diﬀerent ϵ¯ values are suﬃcient: 0.1, 0.2, 0.4, 0.8. The addition of a further node at
1.6 does not yield a significant improvement.
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2.3 Real Corrections
The real corrections consist of one-loop diagrams with an additional massless particle
in the final state. At LO Higgs pair production is mediated by two gluons in the
initial state. At NLO, however, additional channels with gq and qq¯ in the initial
state contribute. As in the calculation for the virtual corrections we subtract the
matrix elements in the heavy-top limit to obtain an IR safe expression. Therefore,
we perform in a first step the calculation in the heavy-top limit. In a second step,
these results are used for the full massive calculation.
2.3.1 The Heavy-Top Limit
For the LO cross section in the heavy-top limit two diﬀerent diagrams have to be
calculated (Figure 2.11). The expression for the matrix element can be derived from
the eﬀective Feynman rules of Figure 2.12. The squared matrix element averaged
over all possible spin and colour configurations reads
∑
|MLO|2 = Γ(1 + ϵ)2κ
(
4πµ2
m2t
)2ϵ ( αs
3πv2
)2 Q4
64
(
1
1− ϵ
)
(2.111)
with κ =
(
3m2h
Q2−m2h
− 1
)2
. The NLO matrix elements can be derived with the same
procedure using the eﬀective Feynman rules of Figure 2.12. Let the momenta of the
two initial state particles be denoted by qi (i = 1, 2) and the momenta of the three
final state particles by pi with p1 being the massless parton. The initial state particles
are massless, q2i = 0, while for the final state particles p
2
1 = 0 and p
2
2 = p
2
3 = m
2
h holds.
The Mandelstam variables used for the matrix elements are defined as
s = 2q1q2
t = −2q1p1
u = −2q2p1 (2.112)
and the following sum rule is valid
Q2 = m2HH = (q1 + q2 − p1)2 = s+ t+ u. (2.113)
Using these definitions, the spin and colour averaged matrix elements can be ex-
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Figure 2.11: LO Feynman diagrams in the heavy-top limit.
pressed as
∑
|Mgg|2 = κΓ
2(1 + ϵ)
(1− ϵ)2
(
4πµ2
m2t
)2ϵ G2Fα3s
12π
[
(1− ϵ)s
4 + t4 + u4 +Q8
stu
− 4ϵQ2
]
,
∑
|Mgq|2 = κΓ
2(1 + ϵ)
(1− ϵ)
(
4πµ2
m2t
)2ϵ G2Fα3s
27π
[
s2 + u2
−t + ϵ
(s+ u)2
t
]
,
∑
|Mqq¯|2 = κΓ2(1 + ϵ)
(
4πµ2
m2t
)2ϵ 8G2Fα3s
81π
[
t2 + u2
s
− ϵ(t+ u)
2
s
]
. (2.114)
The partonic cross section can then be obtained by integrating the spin and colour
averaged matrix element over the three particle phase space dΦ3. In D dimensions
dΦ3 with three diﬀerent masses can be expressed in general as
dΦ3 = µ
4−D d
D−1p1
(2π)D−12p1
dD−1p2
(2π)D−12p2
dD−1p3
(2π)D−12p3
(2π)DδD(p1 + p2 + p3 − q1 − q2).
(2.115)
For this calculation dΦ3 has been parameterized such that the two particle phase
space factorizes. We introduce xi as the fraction of the partonic center of mass
energy
√
s carried by the final state particle i: p0i = xi
√
s
2 and µi = mi/
√
s. For the
xi the sum rule
∑
xi = 2 holds. In a first step, D-dimensional spherical coordinates
are introduced. We decompose the four-momenta into the common four space-time
coordinates and the remaining D-4 dimensional perpendicular components 0⃗⊥ which
are set to zero. The angle ϑ has been chosen as the angle between the first incoming
particle and the radiated gluon while χ has been chosen as the projected angle between
the first incoming particle and the second final state particle (Figure 2.13). The angle
between the first outgoing and the second incoming particle has been denoted as
ϑ12. This leads to the following parametrization of the incoming qi and outgoing pi
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iδab
αs
3πv{−gµν(k1 · k2) + kν1kµ2}Cϵ
gbν(k2)
gaµ(k1)
H
−iδab αs3πv2{−gµν(k1 · k2) + kν1kµ2}Cϵ
gbν(k2)
gaµ(k1) H
H
−gsfabc αs3πv{(k1 − k2)ρgµν + (k2 − k3)µgνρ + (k3 − k1)νgρµ}Cϵ
gaµ(k1)
gbν(k2)
gcρ(k3)
H
gsfabc
αs
3πv2{(k1 − k2)ρgµν + (k2 − k3)µgνρ + (k3 − k1)νgρµ}Cϵ
gaµ(k1)
gbν(k2)
gcρ(k3)
H
H
Figure 2.12: Eﬀective Feynman rules used for the calculation of the real matrix
elements in the heavy-top limit. The factor Cϵ is defined as Cϵ = Γ(1 + ϵ)
(
4πµ2
m2t
)ϵ
.
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Figure 2.13: Illustration of the spherical coordinates with particle 1 and 2 the two
incoming particles and 1’,2’ and 3’ the outgoing particles.
momenta
q1 =
√
s
2
(
1; sinϑ, 0, 0⃗⊥, cosϑ
)
,
q2 =
√
s
2
(
1;− sinϑ, 0, 0⃗⊥,− cosϑ
)
,
p1 = x1
√
s
2
(
1; 0, 0, 0⃗⊥, β1
)
,
p2 = x2
√
s
2
(
1; β2 sinϑ12 cosχ, β2 sinϑ12 sinχ, 0⃗⊥, β2 cosϑ12
)
,
p3 =
√
s
2
(x3;−p⃗1 − p⃗2) , (2.116)
with βi =
√
1− 4µ2i
x2i
. This results in the following expression for the three particle
phase space
dΦ3 =
s
256π4
(
4πµ2
x1x2s
)2ϵ (1− cos2 ϑ)−ϵ sin−2ϵ χ(β21β22 1−cos2 ϑ124 )−ϵ
Γ(1− 2ϵ) dx1dx2d cosϑdχ
(2.117)
with the integration limits
0 ≤ ϑ,χ ≤ π,
2µ1 ≤ x1 ≤ 1 + µ21 − (µ2 + µ3)2,
x−2 ≤ x2 ≤ x+2 , (2.118)
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using the abbreviations
x±2 =
1
2a
[b±
√
∆],
a = 1− x1 + µ21,
b = (2− x1)(a+ µ22 − µ23),
∆ = (x21 − 4µ21)[a− (µ2 + µ3)2][a− (µ2 − µ3)2]. (2.119)
Next, we substitute the variable x2 by x2 = 1− (1−Q2/s)x.
Returning to the investigated process, we choose m1 = 0 to be the mass of the
radiated massless particle and m2 and m3 the masses of the two Higgs particles
(mh). Further the variable z is introduced as z = Q2/s. These definitions simplify
the expression of the integration boundaries x± of x to x± = 12 [1 ± β] with β =√
1− 4µ2h/z. Further we substitute the variable x by r as x = x−+(x+−x−)r. Using
these substitutions the following explicit expression for the phase space integration is
obtained
dΦ3 =
sβ1−2ϵr−ϵ(1− r)−ϵ
256π4Γ(1− 2ϵ)
(1− z)1−2ϵ
zϵ
(
4πµ2
s
)2ϵ
(1− cos2 ϑ)−ϵ sin−2ϵ χdrdzd cosϑdχ .
(2.120)
The integration limits are given by 0 ≤ r ≤ 1, τ0 ≤ z ≤ 1 and 0 ≤ ϑ,χ ≤ π. After
performing the integration over χ and r and fixing Q2 = zs, the two particle phase
space Φ2 factorizes resulting in the following expression for dΦ3
dΦ3 = Φ2
Q2
32π2
z−1+ϵ(1− z)1−2ϵ
Γ(1− ϵ)
(
4πµ2
Q2
)ϵ(1− cos2(ϑ)
4
)−ϵ
dz d cosϑ (2.121)
with the integrated two-particle phase space
Φ2 =
β1−2ϵ
8π
Γ(1− ϵ)
Γ(2− 2ϵ)
(
4πµ2
Q2
)ϵ
, (2.122)
and the integration boundaries 0 ≤ ϑ ≤ π and 4µ2h ≤ z ≤ 1. This expression can now
be used to integrate the matrix elements in Equation (2.114) over dΦ3 to obtain the
partonic cross section. The Born term factorizes from the full matrix element. The
integration over the angle ϑ can be performed while the integration over z is kept.
The partonic real cross sections σˆij (ij = gg, gq, qq¯) can finally be expressed as
σˆij = σ0
αs
π
[Dij(z)Θ(1− z) + δigδjgCδ(1− z)] (2.123)
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with
C =
Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
Q2
)ϵ{ 3
ϵ2
+
33− 2NF
6ϵ
}
,
Dgg = −11
2
(1− z)3 − z
ϵ
Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
s
)ϵ
Pgg(z) + 6[1 + z
4 + (1− z)4]
[
log(1− z)
1− z
]
+
,
Dgq =
Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
s
)ϵ{
zPgq(− 1
2ϵ
+ log(1− z))− 1 + 2z − z
2
3
}
,
Dqq¯ =
32
27
(1− z)3.
Pij(z) are the regularized Altarelli-Parisi splitting functions
Pgg(z) = 6
{[
1
1− z
]
+
+
1
z
− 2 + z(1− z)
}
+ δ(1− z)33− 2NF
6
,
Pgq(z) =
4
3
1 + (1− z)2
z
. (2.124)
The infrared singularities of the real corrections C cancel exactly against the ones of
the virtual corrections. The left over collinear initial-state singularities contained in
the Pij coeﬃcients, however, are absorbed in the NLO parton densities. Therefore the
parton densities need to be renormalized. For this purpose the bare gluon densities
fg0(xj, µ2F ) in Equation (2.125) are replaced by the renormalized ones and the related
counterterms in Equation (2.126)
dσ =
∫ 1
τ0
dx1
∫ 1
τ0/x1
dx2 fg0(x1)fg0(x2)dσˆLO(Q
2 = zτs), (2.125)
fg0(x) = Fgg ⊗ fg(x, µ2F ) +
∑
q,q¯
Fgq ⊗ fq(x, µ2F ), (2.126)
with
Fij = δijδ(1− x) + αs
2π
{
1
ϵ
Γ(1− ϵ)
Γ(1− 2ϵ)
(
4πµ2
µ2F
)ϵ
Pij(x)− gij(x)
}
,
where µF denotes the factorization scale of the parton densities. We introduce the
variable τ = x1x2/z that is related to the momentum fractions xi carried by the two
incoming particles at LO and τ0 = 4m2h/S. The convolution of two functions f and
g is defined in general as
f ⊗ g(x) =
∫ 1
0
dydz f(y)g(z)δ(x− yz) =
∫ 1
x
dz
z
f
(x
z
)
g(z). (2.127)
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The functions gij(x) are arbitrary leading to an additional degree of freedom in the
counter term definition. It introduces a factorization scheme similar to the renormal-
ization scheme of the ultraviolet renormalization. We use the MS scheme for which
ggg(x) = ggq(x) = 0. The renormalized parton densities are then included in the
corresponding parton luminosities
dLgg
dτ
= fg ⊗ fg(τ, µ2F ),
dLgq
dτ
= fg ⊗ fq(τ, µ2F ) + fq ⊗ fg(τ, µ2F ),
dLqq¯
dτ
= fq ⊗ fq¯(τ, µ2F ) + fq¯ ⊗ fq(τ, µ2F ). (2.128)
This results in the following final expressions for the real corrections in the heavy-top
limit for the individual channels
∆σgg =
αs
π
∫ 1
τ0
dτ
dLgg
dτ
∫ 1
τ0/τ
dz
z
σˆLO(Q
2 = zτs)Cgg(z),
∆σgq =
αs
π
∫ 1
τ0
dτ
∑
q,q¯
dLgq
dτ
∫ 1
τ0/τ
dz
z
σˆLO(Q
2 = zτs)Cgq(z),
∆σqq¯ =
αs
π
∫ 1
τ0
dτ
∑
q,q¯
dLqq¯
dτ
∫ 1
τ0/τ
dz
z
σˆLO(Q
2 = zτs)Cqq¯(z), (2.129)
with the real correction coeﬃcients Cij(z) in the heavy-top limit
Cgg(z) = −11
2
(1− z)3 − zPgg(z)logµ
2
F
τs
+ 6[1 + z4 + (1− z)4]
[
log(1− z)
1− z
]
+
,
Cgq(z) = −1 + 2z − z
2
3
− z
2
Pgq(z)log
µ2F
τs(1− z)2 ,
Cqq¯(z) =
32
27
(1− z)3. (2.130)
These results are in agreement with [181].
2.3.2 Massive Calculation
Since the massive real corrections have already been calculated before [170], we used
publicly available programs to generate the full matrix elements. The diagrams listed
in Appendix B have to be considered for the calculation of the full real cross sections.
The code for the numerical evaluation has been generated using the Mathematica
packages FeynArts-3.9 [197] and FormCalc-9.4 [198]. The former provides the ampli-
tudes while the latter produces the cross section. For the evaluation of the one-loop
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integrals we used the COLLIER-1.2 library [199] since the results were not suﬃ-
ciently stable in the IR and COLL limits using the standard library implemented in
LoopTools [198]. As in the calculation for the virtual corrections we subtract the
matrix elements in the heavy-top limit to obtain an IR safe expression
|MR(pi, kj)|2
|MLO(p˜i, k˜j)|2
− |M
R
HTL(pi, kj)|2
|MLO(p˜i, k˜j)|2
=
∆RM(pi, kj)
|MLO(p˜i, k˜j)|2
, (2.131)
withMR being the matrix element of the real corrections generated by FeynArts and
FormCalc and ∆RM the remaining part of the real NLO mass eﬀects. This is possible
since the IR singularity structure of the matrix element relative to the Born term of
the HTL calculation and the full massive calculation is the same.
Figure 2.14 shows an example diagram for the real NLO corrections with the LO
subdiagram. Here the incoming particles are denoted by pa,b and the outgoing by k1,2.
The left-over momentum of pa after radiating a gluon with momentum pi is called
pai. This gluon contributing to the LO subprocess is in general oﬀ-shell. We have to
project the full three particle kinematics onto the LO subkinematics, i.e. introduce
a mapping of the involved four-momenta, in order to have a consistently defined LO
matrix element factor. After integration of the mapped LO transverse momentum
this mapping is reflected by the additional z dependence of the LO partonic cross
section factor in Equation (2.129). The mapping can be achieved using the method
described in [200]. Thereby the transformed four-momentum p˜ai, p˜b of the on-shell
intermediate and external gluons are defined as
p˜µai = xi,abp
µ
a ,
p˜µb = p
µ
b , (2.132)
with xi,ab = (papb − pipa − pipb)/(papb) and the final state-momenta k˜j are related to
the original momenta as
k˜µj = k
µ
j −
2kj · (K + K˜)
(K + K˜)2
(K + K˜)µ +
2kj ·K
K2
K˜µ, (2.133)
where Kµ = pµa + p
µ
b − pµi and K˜µ = p˜µai + p˜µb . After the integration over the phase
space the real cross sections in the HTL dσHTL of Equation (2.129) is added back to
obtain the full real corrections dσR free of IR and COLL singularities
dσR =
∫
dΦ3∆
RM + dσRHTL. (2.134)
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pb
pa pi
pai
k1
k2
Figure 2.14: Illustration of the LO subprocess contained in the real correction-
diagrams. The momentum pai = pa − pi is oﬀ-shell (p2ai ̸= 0) in general.
The phase space integration has been performed, as for the virtual corrections, with
the Vegas Monte Carlo integration. A technical cut-oﬀ of the order 10−8 for the
angular integration in the three particle phase space has been applied due to numerical
instabilities in the IR and COLL limits. A numerical accuracy of the integration below
one pro-mile has been reached.
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Chapter 3
Results and Discussion
For the presented results in this chapter the Higgs mass has been chosen to be 125
GeV, the top mass as 172.5 GeV and the center of mass energy as 14 TeV. The
renormalization and the factorization scales have been fixed at half the invariant Higgs
pair mass. For the PDFs we used the PDF4LHC15 [126] and MMHT2014 [201]
sets. The first uses for the strong coupling constant at the scale of the Z mass the value
αs(MZ) = 0.118 at NLO. MMHT2014 uses for the LO αs at the Z mass a value of
αs(MZ) = 0.135 and at NLO αs(MZ) = 0.1201. In the first Section 3.1 the diﬀerential
cross section is presented with a detailed investigation of the K-factor behaviour
and the validity of the HTL approximation. The second Section 3.2 discusses the
calculation of the total hadronic cross section.
3.1 Diﬀerential Cross Section
Figure 3.1 shows the diﬀerential cross section as a function of the invariant Higgs
boson pair mass mhh obtained by adding the diﬀerential cross section in the heavy-
top limit produced with HPAIR, the virtual part of the diﬀerential cross section
obtained by evaluating the seven-dimensional integrals of Equation (2.106) and the
real part of the diﬀerential cross section calculated with Equation (2.134). This result
of the fully massive diﬀerential cross section (red curve) is complemented with the
HTL results in blue, the HTL plus the full real corrections in yellow, the HTL plus the
full virtual corrections in green. Further the LO cross section is included in black for
comparison in the left plot. The error bands represent an estimate of the numerical
error due to the integration and extrapolation of the virtual mass eﬀects. For the HTL
and the HTL plus the real corrections those are too small to be visible in the plot.
The left histogram shows the diﬀerential cross section produced with the MMHT2014
PDFs, while the PDF4LHC15 have been used for the right histogram.
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The lower plots indicate that the NLO mass eﬀects contribute up to 30% on top
of the LO mass dependence. Further, it is visible that the main contributions to the
total cross section originate from the mass range between about 300 and 800 GeV. In
the left figure, the lower subplot illustrates the diﬀerential K-factor. This is defined as
the ratio of the NLO cross section and the consistent Born term. The blue curve shows
that the K-factor of the diﬀerential cross section in the HTL is almost independent of
the invariant Higgs pair mass. A similar behaviour can be observed for the HTL plus
the full real corrections in yellow. The HTL plus the full virtual corrections, however,
develops a stronger dependence on the invariant Higgs pair mass. In particular, the
K-factor becomes smaller for larger invariant double Higgs pair masses. For instance,
at mhh = 400 GeV the K-factor is about 1.6, while at mhh = 1000 GeV the K-factor
decreases to about 1.3 for the green curve. This implies that for higher invariant
Higgs pair masses the mass eﬀects become relevant and that the full NLO corrections
can no longer be reasonably be approximated by the HTL. Further, it indicates that
the virtual NLO mass eﬀects dominate in comparison to the real NLO mass eﬀects
and can therefore not be neglected. In the right figure, the lower subplot illustrates
the ratios to the HTL results involving the LO mass eﬀects at NLO. Thus the yellow
curve shows the NLO mass eﬀects of the real corrections alone and the green curve
shows the ones of the virtual corrections alone, both on top of the LO mass eﬀects.
As in the left plot, showing the K-factor, it is visible that the blue and the yellow
curves develop a flat behaviour, while the green and the red curves decrease for larger
invariant Higgs pair masses. This implies again that the HTL is only a reasonable
approximation for the invariant Higgs pair mass range up to about 600 GeV, where the
NLO mass eﬀects start to exceed the 20% level. The plot for the K-factor could only
be produced with MMHT2014 PDFs since PDF4LHC15 does not provide LO PDFs.
The right plot of Figure 3.1 has been produced with MMHT2014 as well. Since this
looks almost the same as for the PDF4LHC15 PDFs we refrain from showing both of
them.
Figure 3.2 shows the dependence of the K-factor on the invariant Higgs pair mass
distribution on the left for the contributions involving only the trilinear couplings and
on the right for the contributions without the trilinear couplings. The interference
and the one-particle reducible terms are not included in these plots. The blue curve
shows the heavy-top limit results, while the yellow curve includes in addition the full
real contribution and the green curve the full virtual corrections. The red curve shows
the fully massive results, i.e. the heavy-top limit plus the mass eﬀects of the real and
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Figure 3.1: Invariant Higgs boson pair mass distribution for
√
s = 14 TeV using in
the left plot the MMHT2014 and in the right plot the PDF4LHC15 PDFs. The lower
plot on the left shows the K-factor as a function of the invariant double Higgs boson
mass while the lower plot on the right shows the ratio to the NLO HTL results as a
function of the invariant Higgs boson pair mass.
the virtual contributions. For the trilinear and the continuum contributions the K-
factor becomes smaller for larger invariant Higgs pair masses as expected from the
restoration of perturbative unitarity in the high-energy limit. However, this behaviour
is stronger for the continuum contributions. For instance at an invariant Higgs pair
mass of 1000 GeV the K-factor of 1.65 in the HTL gets reduced to 1.45 for the trilinear
and to 1.20 for the continuum contributions. This implies that the mass eﬀects are
dominated by the continuum contributions at high invariant Higgs pair masses as
expected. Further, it is evident that the HTL and the HTL plus real corrections
show a similar behaviour in both cases. This corroborates again that the virtual mass
eﬀects have a bigger impact than the real contributions in the high invariant Higgs pair
mass range and can therefore not be neglected. Those conclusions are additionally
supported by Figure 3.3, were the ratios of the triangular (left) respectively continuum
(right) K-factors to the full K-factors are illustrated. The blue curves show again the
HTL, the yellow curve the HTL plus the full real contributions, the green curve the
HTL plus the full virtual corrections and the red curve the fully massive results. From
the left plot of Figure 3.3 it is evident that for higher invariant Higgs pair masses the
yellow and blue curves are flat and close to unity, while the green and the red curves
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Figure 3.2: The K-factor as a function of the invariant double Higgs boson mass on
the left for the trilinear and on the right for the continuum contributions in the mass
range from 250 to 1000 GeV. The triangular contributions include only diagrams
that involve the trilinear Higgs self-coupling and the continuum contributions only
all other one-particle-irreducible diagrams.
gradually increase. This shows once more the dominance of the virtual mass eﬀects
for high invariant Higgs pair masses and underlines the relevance of the calculation
of the mass eﬀects, in particular the virtual corrections. Further, it is visible that for
an invariant Higgs pair mass up to 400-600 GeV the K-factor ratio of the trilinear
contributions solely is reasonably close to one. Hence, the NLO mass eﬀects can be
approximated within 10 − 20% by the trilinear K-factor alone in this region. For
instance at an invariant Higgs pair mass of 400 GeV this would lead to an accuracy
of about 10% while at 800 GeV only an accuracy of 20% can be achieved. The
distribution of the K-factor ratios in the right plot of Figure 3.3 is almost constant
around unity. This confirms that the continuum contributions dominate in the whole
invariant Higgs pair mass range and can therefore not be neglected.
3.2 Total Hadronic Cross Section
The total hadronic cross section can be obtained by integrating the diﬀerential cross
section over the invariant Higgs pair mass. Since this distribution is only known in
discrete steps, this integral has to be interpolated. From the diﬀerential cross section
it is known that the main contributions to the total cross section originate from the
invariant Higgs pair mass range between 300 and 800 GeV. Therefore, it is safe to
integrate over a range between 275 and 1500 GeV. In the region from 275 to 300 GeV
the diﬀerential cross section has been derived in steps of 5 GeV and for the range
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Figure 3.3: The distribution of the ratio of the K-factors on the left for the trian-
gular and on the right for the box contributions to the full K-factor in the mass
range from 250 to 1000 GeV. The triangular contributions include only diagrams
that involve the trilinear Higgs self-coupling and the box contributions all other one-
particle-irreducible diagrams.
between 300 GeV and 1500 GeV in steps of 50 GeV. For the latter, a combination of
the trapezoidal rule and the Richardson extrapolation has been used to approximate
the integral over the diﬀerential cross section. In a first step the diﬀerential cross
section has been obtained for four diﬀerent bin sizes: 50, 100, 200, and 400 GeV. For
each of them the integral has been approximated using the trapezoidal rule. Thereby
the area below a function is estimated as a trapezoid. In general, this method predicts
the following approximation for the integral from a to b of a function f(x)∫ b
a
f(x) dx ≈ ∆x
2
[f(x0) + 2f(x1) + 2(x2) + ...+ 2f(xn−1) + f(xn)], (3.1)
where n is the number of bins, ∆x = (b− a)/n and the step size xi = a+ i∆x. The
resulting error can be expressed as
−nh
3
12
f ′′(ζ), (3.2)
where ζ is a random point in the integration range [202]. Thus for this calculation,
a = 300 GeV and b = 1500 GeV, while the step size is either 50, 100, 200 or 400 GeV.
The values of the four integral values obtained with this method have then been used
as the nodes of a Richardson extrapolation to extrapolate the values of the integrals
to an infinitesimally small binning. The Richardson extrapolation polynomial has
again been calculated using Equation (2.109). The resulting error of the combination
of both methods can conservatively be estimated to be of the order of 10−4.
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PDF4LHC15 MMHT2014
σLO 19.80 fb 23.75 fb
σHTLNLO (38.64± 0.01) fb (39.33± 0.01) fb
σNLO (32.93± 0.11) fb (33.47± 0.12) fb
Table 3.1: Comparison of the total hadronic cross section at LO σLO, in the heavy-
top limit σHTLNLO and including the full mass dependence σNLO for the PDF4LHC15 and
MMHT2014 PDFs.
For the lower invariant Higgs pair mass region, an extension of Boole’s rule has
been used to approximate the integral of the diﬀerential cross section in the invariant
Higgs pair mass range between 275 GeV and 300 GeV. This is a mathematical method
to interpolate an integral with equally spaced nodes xi. It provides the following
formula to approximate an integral with six xi of the function f(xi) in the integration
range from x0 to x5 with a step size h [202],∫ x5
x0
f(x) dx ≈ 5h
288
[19f(x0) + 75f(x1) + 50f(x2) + 50f(x3) + 75f(x4) + 19f(x5)].
(3.3)
The error term can be expressed in general as
− 275
12096
h7f(x6), (3.4)
where x6 is a random number in the integration region. We have chosen six nodes
and thus a step size of 5 GeV. A conservative estimation of the error term results in
an uncertainty of the order of 10−5. For the invariant Higgs pair mass between 250
GeV and 275 GeV the hadronic cross section amounts to about 0.14 fb.
For the PDF4LHC15 PDFs a total hadronic cross section of (32.93± 0.11)fb has
been obtained, while the use of the MMHT2014 PDFs yields a value of (33.47 ±
0.12)fb. The uncertainty reflects the errors due to the numerical integration and
the extrapolation. The hadronic NLO cross section in the heavy-top limit using
PDF4LHC15 PDFs is (38.64±0.01)fb and with the MMHT2014 PDFs (39.33±0.1)fb.
These are the values produced with HPAIR. These values are supplemented by a
negative NLO mass contribution of about −14.8% for PDF4LHC15 and −14.9% for
MMHT2014, respectively, compared to the previously known heavy-top limit results
involving the full LO mass dependence. Compared to the LO cross section the fully
massive NLO QCD corrections result in an increase by about 66%. The diﬀerence
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between the NLO QCD correction with the fully massive real corrections and the
virtual corrections in the HTL amounts to about −4%. The obtained hadronic cross
section is in agreement with the results of [184, 185] which obtained a total hadronic
cross section of (32.91+13.6%−12.6%)fb including the fully massive NLO QCD corrections.
The given error considers the PDF and scale uncertainties. Table 3.1 gives an overview
of all values for the total hadronic cross section obtained in our calculation.
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Chapter 4
Conclusions
The aim of this thesis has been the calculation of the NLO QCD corrections to Higgs
boson pair production via gluon fusion including the full mass dependence of the
top quark in the context of the SM. The main challenge has been the calculation
of the virtual corrections since this is a two-loop calculation of a two-to-two process
containing massless and massive particles in the loop. The amplitudes have been
established with the common Feynman parametrization. Instead of the usual reduc-
tion to master integrals, a modification of the standard subtraction method has been
developed to achieve a systematic extraction of the ultraviolet, infrared and collinear
singularities without reducing them to master integrals. The numerical evaluation
of the integration has been performed using the Fortran routine Vegas. Numer-
ical instabilities, occurring above the virtual thresholds related to the tt¯-threshold
and virtual intermediate gg-states, have been regularized by introducing an analytic
continuation by giving the quark mass a small imaginary part. The integrals have
been stabilized by reducing the power of the denominator using integration by parts.
To obtain the result in the narrow width approximation we have used a Richard-
son extrapolation, a sequence acceleration method for which the number of nodes
is inversely proportional to the final extrapolation error. The one-particle reducible
diagrams have been derived from the known H → Zγ results by properly dressing the
eﬀective Feynman rules by form factors. The results of the single Higgs process have
been used to derive the triangular diagrams involving the trilinear self-coupling. The
strong coupling constant and the top-quark mass have been renormalized to obtain
the UV finite virtual corrections. For the strong coupling constant we have used the
MS scheme with five active flavours and the top-quark mass has been renormalized
on-shell. Finally, the results of the heavy-top limit have been subtracted such that
the remaining contribution consisted of the IR-finite mass eﬀects. The real cross
section has first been recalculated in the HTL. Then the amplitudes of the complete
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real corrections have been produced with the publicly available programs FeynArts
and FormCalc. As for the virtual corrections, the HTL results have been subtracted
from the full amplitudes with the factorized massive Born term. For this purpose, the
matrix elements of the NLO results in the HTL have been adjusted to the massive
LO part by a transformation of the 4-momenta. The final phase-space integration
has led to the real corrections of the diﬀerential cross section in the invariant Higgs
pair mass.
From this distribution it becomes evident that the main contributions to the cross
section originate from the invariant Higgs pair mass range between 300 and 800 GeV.
Further, we have observed that the HTL is a reasonable approximation only up to
an invariant Higgs pair mass of about 600 GeV since in the high invariant Higgs
pair mass range the box diagrams dominate and generate sizable mass eﬀects. This
underlines the importance of calculating the virtual and real NLO mass eﬀects. From
the diﬀerential K-factor one can conclude that for an invariant Higgs pair mass up
to 400-600 GeV the NLO QCD corrections can be approximated by the triangular
contributions involving the trilinear Higgs couplings only. These corrections can be
obtained from single Higgs boson production. Finally, the obtained total hadronic
cross section implies a negative contribution of about −15% from NLO mass eﬀects
compared to the previous known heavy-top limit results involving the full LO mass
dependence. The obtained NLO mass eﬀects are larger than in the case of single
Higgs boson production.
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Appendix A
Virtual contributions
Complete set of the generic Feynman diagrams for the virtual QCD corrections to
Higgs boson pair production. They are divided into box diagrams, one-particle re-
ducible diagrams and triangular diagrams. The box diagrams are further split into
six topologies with similar propagator structure. The diagrams with simultaneously
interchanged gluon momenta and Higgs momenta have to be added.
Topology 1:
Box 1 Box 2 Box 3 Box 4
Box 5 Box 6 Box 7 Box 8
Box 9 Box 10 Box 11 Box 12
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Topology 2:
Box 13 Box 14 Box 15 Box 16
Box 17 Box 18 Box 19 Box 20
Box 21 Box 22 Box 23 Box 24
Topology 3: Topology 4:
Box 25 Box 26
Box 27 Box 28
Box 29 Box 30
Box 31 Box 32
Box 33 Box 34
Box 35 Box 36
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Topology 5: Topology 6:
Box 37 Box 38
Box 39 Box 40
Box 41 Box 42
Box 43 Box 44
Box 45 Box 46
Box 47
Triangle Diagrams:
Triangle 1 Triangle 4
Triangle 2 Triangle 5
Triangle 3 Triangle 6
Triangle 7 Triangle 8
Triangle 9 Triangle 10
Triangle 11 Triangle 12
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Double Triangle Diagrams:
Double Triangle 1 Double Triangle 2
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Appendix B
Real corrections
Complete set of the Feynman diagrams for the real QCD corrections to Higgs boson
pair production. They are divided into groups with the same initial states.
gg→ HHq:
Real 1 Real 2 Real 3 Real 4
Real 5 Real 6 Real 7 Real 8
Real 9 Real 10 Real 11 Real 12
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Real 13 Real 14 Real 15 Real 16
Real 17 Real 18 Real 19 Real 20
Real 21 Real 22 Real 23 Real 24
Real 25 Real 26 Real 27
qq¯→ HHg:
Real 28 Real 29 Real 30 Real 31
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gq→ HHg:
Real 32 Real 33 Real 34 Real 35
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